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Brake squeal is a high-pitched noise originating from
self-excited vibrations caused by the frictional con-
tact between brake pads and brake disc. It is known
from experiments and has also been proved mathe-
matically that splitting the eigenfrequencies of the
brake rotor has a stabilizing effect and avoids brake
squeal. In this work, this knowledge is used to de-
rive design goals for asymmetric, squeal-free discs. It
is necessary to split all eigenfrequencies of the brake
disc in a pre-definable frequency band to guarantee
stability, inhibit the onset of self-excited vibrations
and thus avoid squeal completely. In order to achieve
this goal, a structural optimization of automotive as
well as bicycle brake discs is conducted. Optimized
automotive and bicycle brake discs have been manu-
factured and tested to assess their squeal affinity, and
it is shown that the optimized discs have a greatly im-
proved squeal behavior. This demonstrates that split-
ting eigenfrequencies of the brake rotor is a passive,
low-cost and effective squeal countermeasure appli-
cable to a variety of brake systems.
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Abstract
Brake squeal is a high-pitched noise in the frequency range between 1 kHz
and 16 kHz originating from self-excited vibrations caused by the frictional
contact between brake pads and brake disc. Since some decades, it has inten-
sively been studied and many countermeasures have been proposed, including
active and passive methods. It is known from experiments and has also been
proved mathematically that splitting the eigenfrequencies of the brake rotor
has a stabilizing effect and avoids brake squeal. In this thesis, this knowledge
is used to derive design goals for asymmetric, squeal-free discs. It is neces-
sary to split all eigenfrequencies of the brake disc in a pre-definable frequency
band to guarantee stability, inhibit the onset of self-excited vibrations and
thus avoid squeal completely. In order to achieve this goal, a structural op-
timization of automotive as well as bicycle brake discs is conducted. Using
a novel, efficient modeling technique, large changes in the geometry can be
covered leading to a successful optimization in all cases studied. Optimized
automotive and bicycle brake discs have been manufactured and tested on
appropriate brake test rigs to assess their squeal affinity, and it is shown that
the optimized discs have a greatly improved squeal behavior. This validates
the mathematical theory behind the presented approach and demonstrates
that splitting eigenfrequencies of the brake rotor is a passive, low-cost and




Bremsenquietschen stellt ein hochfrequentes Geräusch im Frequenzbereich von
etwa 1 kHz bis 16 kHz dar. Es entsteht durch selbsterregte Schwingun-
gen, die durch den Reibkontakt zwischen Bremsbelägen und Bremsscheibe
ausgelöst werden. Seit einigen Jahrzehnten wird dieses Phänomen intensiv
untersucht und es wurden viele passive und aktive Maßnahmen vorgeschla-
gen, es zu mindern. Aus Experimenten ist bekannt, dass das Aufspalten
der Eigenfrequenzen des Bremsenrotors einen stabilisierenden Effekt hat und
sich damit Bremsenquietschen vermeiden lässt. Vor kurzem erfolgte auch der
mathematische Nachweis. Diese Vorkenntnisse werden in der vorliegenden
Dissertation dazu genutzt, Ziele für die Gestaltung asymmetrischer, quietsch-
freier Bremsscheiben abzuleiten. Es ist notwendig, alle Eigenfrequenzen der
Bremsscheibe in einem vorher abschätzbaren Frequenzbereich zu spalten, um
Stabilität sicherzustellen. Damit können selbsterregte Schwingungen verhin-
dert und Quietschen unterbunden werden. Dies führt auf eine Strukturopti-
mierung von Automobil- und Fahrradbremsscheiben. Die Verwendung einer
neuen, effizienten Modellierungstechnik erlaubt es, große Geometrieänderun-
gen zu berücksichtigen, um die Optimierung bei allen untersuchten Fällen
erfolgreich abzuschließen. Die optimierten Automobil- und Fahrradbrems-
scheiben wurden gefertigt, auf geeigneten Bremsenprüfständen getestet und
ihre Quietschneigung untersucht. Dabei zeigt sich, dass die Optimierung das
Quietschverhalten stark verbessert hat. Dadurch wird die Praktikabilität des
vorgestellten Ansatzes belegt. Zudem weisen diese Tests nach, dass das Auf-
spalten der Eigenfrequenzen des Bremsrotors eine passive, kostengünstige und
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The technical progress in the automotive, transport and aircraft industry over
the last decades, increasing safety standards and customer demands have
led to the development of sophisticated, high-performing and comfortable
brake systems. Despite this rapid progress, some problems of brake systems
remain or have even been increased due to the requirement for lightweight
and cost-effective construction. One of those is brake squeal, which is a noise
phenomenon studied at least since the 1930s, as Kinkaid et al. report [60].
There is no precise definition of brake squeal available in the literature, still,
most authors agree that squeal is a high-pitched, friction-induced sound with
frequencies ranging from 1 kHz to approximately 16 kHz for brakes used in
the automotive and motorcycle industry [2, 21, 60, 92] and 100 Hz to 1000 Hz
for aircraft brakes [2]. The frequently made distinction between low frequency
squeal and high frequency squeal [26], however, is not adopted in this thesis. It
is characteristic for most squeal events that the generated noise is dominated
by one distinct frequency independent of the rotational speed. Furthermore,
brake squeal is indicated by amplitudes of the vibrations of the brake disc in
the micrometer range and the created sound pressure level (SPL) can reach
over 100 dB [60, 92]. In most cases, brake squeal is a pure comfort problem
leading to passenger complaints and high warranty cost reaching over 100
Million Dollar each year regarding the automotive industry in particular [27].
It does not affect the main function of friction brakes to reduce vehicle speed
by a conversion of kinetic to thermal energy. Squeal can also be highly safety
relevant if squealing brake systems are connected to lightweight rims used
especially for high-performance motorcycles and bicycles, since the friction
induced vibrations can lead to fatigue and material failure of spokes [44, 79].
Brake squeal can occur for all types of friction-based brake systems, for disc
brakes used in the aircraft, automotive, transport and motorcycle industry,
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drum brakes used in the automotive and motorcycle industry as well as for
block brakes of trains. In this work, the focus will lie on disc brakes, of








Figure 1.1: Disc brake assembly. Picture adopted in a modified form from [2].
disc brakes, still, they share the basic working principle: With an application
of brake pressure to the brake piston, the brake pads enter into frictional
contact with the brake disc rotating at an angular velocity determined by the
vehicle speed. The brake disc is mounted to the axle of the vehicle by a hat-
like structure, while the caliper is fixed to the chassis. The frictional contact
leads to a resulting braking torque decelerating the vehicle under generation
of heat in the brake rotor. The hat of the brake disc is intended to inhibit the
heat flow from the rotor to the axle, where it could damage bearings or other
important components. In many automotive brake systems, cooling channels
can be found between the two friction rings of the rotor, which are the plates
in direct contact to the brake pads. The cooling channels defined by cooling
ribs are indicated in the figure. Disc brakes for motorcycles and bicycles are
similar systems, however, the shape and design of the rotor is quite different.
While friction is essential for the function of the brake, the frictional contact
can lead to unwanted effects, of which one of the most annoying is brake
squeal, amongst others like judder or chattering, which shall not be discussed
2
1.1 Excitation mechanism of brake squeal
in this thesis. All researchers and engineers working in the field of brake
squeal agree that the frictional contact between brake pads and disc is the
origin of self-excited vibrations audible as squeal, still, the specific excitation
mechanism is a matter of intense discussion.
1.1 Excitation mechanism of brake squeal
Self-excited vibrations caused by the frictional contact between bodies are a
very broad field of research. A rather general overview can be gained from the
works of Ibrahim [48,49] and Akay [2]. Specifically for brake squeal, there is
a consensus among researchers that for the excitation of brake squeal a friction
force is necessary, which leads to an instability of the brake system and self-
excited vibrations [41]. Instead of the intended energy conversion from kinetic
energy of the vehicle to thermal energy in the brake, a small portion of energy
is misrouted to vibrations of the brake system, mainly out-of-plane vibrations
of the brake rotor [60,83]. However, further explanations of the origin of brake
squeal differ with respect to the characteristics of the friction force necessary
for the excitation. There are researchers who argue that the friction force has
to exhibit certain characteristics to lead to squeal. Others see the origin of
brake squeal in the structure of the equations of motions leading to instability,
even if the frictional force is determined by Coulomb’s law of friction with a
constant coefficient of friction.
The first publications on brake squeal are part of the first group and point
to a velocity-dependent coefficient of friction as an excitation mechanism of
brake squeal, as is reported by Kinkaid et al. [60]. If the friction coefficient
decreases with decreasing rotational velocity, a linearization about the steady-
sliding state can result in velocity-proportional terms that can be thought of
being negative damping, leading to increasing amplitudes of vibration. De-
spite the fact that this explanation for squeal nowadays is not acknowledged
as sole origin of brake squeal [15, 60], some researchers still include velocity-
dependent friction coefficients in their models [9, 58, 91, 105]. As long as the
dynamic coefficient of friction between pad and disc is smaller than the static
one, it is possible that a stick-slip motion results, which some researchers also
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see as a possible explanation of brake squeal [90, 100]. However, most other
authors consider it highly unlikely that this is the case [41, 91, 122], since
stick-slip effects require the possibility of vanishing relative velocity between
brake pad and rotor, which is not possible for the parameters of a realistic
brake disc. For other noise effects associated with brakes like “groan”, stick-
slip can be the reason, as is presented in [91]. Spurr introduced an extension
of the stick-slip brake squeal explanation, termed “sprag-slip”, in 1961 as is re-
ported unisonously by Papinniemi et al. [94], Ouyang et al. [88] andKinkaid
et al. [60]. Also, the coefficient of friction is known to be pressure- and/or
temperature-dependent, what is also related to the excitation of brake squeal
in some publications [49,77]. This already hints to the fact that the tribology
between brake pad and disc is very complicated and therefore Coulomb’s law
of friction might not be the best modeling approach in the context of brake
squeal. Thus, there are publications that include more complex tribological
behavior in the modeling of brake squeal [32].
Nevertheless, most researchers attribute the excitation mechanism of brake
squeal to the structure of the equations of motion, which exhibits unsymmet-
ric parts in the displacement-proportional forces (non-potential circulatory
forces). This can occur even with Coulomb’s law of friction with a constant
friction coefficient [6, 60, 119, 122]. Due to the friction in the contact area
between brake pad and disc, the degrees of freedom (DOF) of the brake pad
and the brake disc are constrained and coupled, represented in the equations
of motion by the presence of a skew-symmetric circulatory matrix. These cir-
culatory terms in the linearized equations of motion can lead to eigenvalues
with positive real parts corresponding to an instability, as will be explained
in detail in section 2.1. Due to the fact that at least two DOF are required in
a model exhibiting this type of instability, and since in continuous models al-
ways two eigenmodes participate in the unstable vibration, it is often referred
to as “mode lock-in” (or flutter) instability. This is a very common term in the
literature concerning brake squeal and is therefore used in this thesis as well.
Historically, the excitation mechanism of brake squeal has frequently been
attributed to the friction forces in the contact zone between brake rotor and
pad being follower forces [60, 133]. Follower forces are forces that keep their
4
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orientation relative to the body on which they act even if this body deforms.
Even publications from the younger past consider follower forces as a root
cause of brake squeal [59, 89]. However, Herrmann points to the fact that
the term “follower force” is not used consistently in the literature and that it
is often used interchangeably with “moving load” or “circulatory force” [39].
In this thesis the perspective is taken that the friction forces at the inter-
face between brake pad and disc lead to circulatory terms in the equations of
motion which give rise to self-excited vibrations audible as brake squeal. The
friction forces do not necessarily have to resemble what is classically under-
stood by a “follower force”, as it occurs e.g. in the buckling of a column under
a force always acting in the direction of its neutral line. This perspective is
also taken by many other scientists [18, 42, 58, 73, 85, 112, 122] and is exper-
imentally strongly encouraged [3, 26, 60, 74]. Furthermore it is the basis for
the state-of-the-art analysis of brake squeal using modern finite element (FE)
codes as it will be introduced in the following section and explained in detail
in section 2.1.
1.2 Modeling and analysis of squealing brake
systems
Together with a deeper understanding of the excitation mechanism of brake
squeal that has evolved over the past decades, also the modeling and further
analysis have been refined. The first models for brake squeal were discrete
systems with few DOF and lumped parameters [48, 60, 92], mainly because
computing capacity was highly limited. This changed during the past two or
three decades, still, even nowadays, minimal models of brake squeal or models
with only a very limited number of DOF have their merits. They continue
to be important since they allow a deep analytical insight into the important
parameters, the excitation mechanism [59, 100, 122] and permit the inclusion
and analytical or semianalytical treatment of nonlinearities [18,41,111]. Also,
they can provide a basis for an active suppression of brake squeal [40,42,45].
Nevertheless, the complex geometry of modern disc brake systems cannot
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be represented or quantitative results be given by such models. The common
procedure is thus to use the finite element method (FEM) to model brake
disc, pads, caliper and even parts of the suspension if available. Then, the
stability of the linearized equations of motion1 determined by the real part of
the eigenvalues of the system matrix can be analyzed, as will be discussed in
more detail in section 2.1. This procedure is referred to as complex eigenvalue
analysis (CEA) in the automotive industry and allows to account for uneven
stress distributions at the interface between brake disc and pads due to appli-
cation of the brake pressure, for orthotropic material behavior of the pad or
for material and friction-induced damping [9,24,30,60,92]. It is even possible
to take into account acoustic radiation [85], gyroscopic terms [58] or thermal
deformation [38]. Nevertheless, it is known that the CEA frequently over- or
sometimes underestimates the susceptibility to brake squeal of a given brake
system [60]. This encourages many engineers and scientists to analyze the
system additionally or solely in the time-domain [1, 73, 92]. Also, doubts can
be cast on whether results of the CEA have a meaning for brake discs that
are not full discs [110]. This will be discussed in more detail in section 2.2.2.
Most publications concerning brake squeal are related to the automotive in-
dustry or discuss brake systems used in this context. Though, it also occurs in
other applications like aircraft, trains, motorcycles and bicycles. Squeal phe-
nomena occuring at railway block brakes are discussed in [124], while Lorang
et al. study brake squeal of the French TGV train [70]. The effects and fre-
quency ranges are similar to that found in brake systems in the automotive
industry. This is not the case for aircraft brake systems, where not only the
frequency range of friction induced vibrations is different, but also the fact
that torsional modes of parts of the brake system dominate its vibrational
1Here, a seeming inconsistency must be pointed out: From a Lyapunov perspective, it
does only make sense to speak of the stability of a solution of the equations of motion
and not of the stability of the equations of motion themself or of the stability of the
(brake) system. However, the stability is assessed here by an analysis of the equations
of motion linearized about a solution representing the steady-sliding-state of the disc in
frictional contact. Therefore, the eigenvalues of this linear system indeed do determine
the stability of the steady-sliding state, which is searched for. If, for a shorter notation,
the stability of the equations of motion is mentioned in this thesis, always the stability
of the steady-sliding state is meant determined by the stability of the trivial solution of
the equations of motion linearized about this steady state.
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behavior [103]. Nakae et al. experimentally study noise generated by bicycle
disc brakes and examine the presence of two phenomena, which they denote as
“squeal” and “chatter” [79]. While squeal occurs at a large temperature range
starting at room temperature, chatter only occurs at very high temperatures
around and above 300o Celsius. Squeal is related to a velocity-dependent fric-
tion coefficient in their work, while chatter originates in a coupling between
an in- and out-of-plane eigenmode at 500 Hz and 1000 Hz, respectively. This
is particularly interesting since the modeling and experiments presented in
this thesis considering bicycle brake discs show that squeal in these cases is
dominated by out-of-plane vibrations. It is far closer related to squeal phe-
nomena in automotive disc brakes and can be treated with the same structural
optimization procedure, as is discussed in section 4.5.
1.3 Brake squeal countermeasures
Although publications can be found solely intended to give insight into the
excitation mechanism and characteristics of brake squeal, many others also
present methods for brake squeal avoidance. Despite the fact that brake squeal
has been studied since at least seven decades, there is no general remedy
known against brake squeal in a robust sense [60]. Many brake parameters
such as the brake pad stiffness vary considerably over the lifetime of the brake
system, being sensitive to changes in the environmental conditions, tempera-
ture and/or wear. Furthermore, the pressure in the automotive industry is
very high to use low cost, lightweight and environmentally friendly solutions.
This complicates the development of squeal countermeasures. There are many
solutions discussed in the engineering community, though, of which at least
some have found their way to practical application. Basically, they can be di-
vided into active and passive measures. Active or semi-active measures make
use of sensors and actuators to inhibit brake squeal, e.g. brake pads with
included piezoelectric devices, and have been demonstrated to be highly ef-
fective against squeal [20, 40, 42, 45, 80–82,123]. Nevertheless, these measures
are not widely used in practice since they are elaborate to tune and expen-
sive. This is different for most passive squeal avoidance methods including:
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brake rotor material with high damping, such as specially alloyed gray cast
iron [26], damping rings decreasing vibrational amplitudes by friction-induced
damping [24, 25], laminated brake discs that also increase friction-induced
damping [61], chamfered and/or slotted brake pads [67] and shims, which
are small, often laminated metal or rubber plates enhancing the damping of
the brake assembly [46, 134]. These measures work for some brake systems,
however, they are not generally applicable for all squealing brakes.
Another approach to avoid brake squeal passively has been studied in [121]
and by Nishiwaki et al. [84] and Fieldhouse et al. [28]. They demonstrated
experimentally that the introduction of asymmetry into the brake rotor in-
hibits the generation of brake squeal. The asymmetry of the brake rotor splits
its double eigenfrequencies and therefore helps to stabilize the brake disc in
frictional contact with the brake pads. This will be explained in detail in
section 2.2. It leads to a structural optimization problem for the separation
of eigenfrequencies, which is the main topic of this thesis.
1.4 Outline of the thesis
After this introduction discussing the excitation mechanism of brake squeal,
its modeling and possible countermeasures, the next chapters of this thesis
are organized as follows. In the second chapter, the avoidance of brake squeal
by an introduction of asymmetry into the brake rotor is presented in detail. A
definition of asymmetry useful in the context of squeal avoidance is given. As
brake squeal can be seen as stability problem, it is shown that the conventional
methods to determine stability by the calculation of the real parts of the
system matrix of the linearized equations of motion do not deliver satisfying
results for asymmetric brake discs. Modeling of such asymmetric discs leads
to equations of motion with periodic coefficients. Still, the stability boundary
can be approximated analytically. From this approximation, design criteria
for squeal free asymmetric discs can be deduced, which lay the basis for a
comprehensive structural optimization of brake rotors to avoid squeal. In
chapter 3, a modeling technique for brake discs is introduced that allows for
an efficient optimization with large changes in the geometry. First, the basic
8
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concept and the mathematical background are given followed by an analysis
of two simple examples, an inhomogeneous rod and a rectangular plate with a
rectangular or circular hole, whose eigenfrequencies are calculated. The latter
example is used to conduct a detailed convergence study, which shows the
advantageous convergence behavior of the method. Afterwards, this modeling
technique is applied to automotive and bicycle brake discs. In the fourth
chapter, the structural optimization problem is introduced to split as far as
possible the eigenfrequencies of a brake rotor in a predefined frequency band to
inhibit brake squeal. Automotive brake discs with radial holes are optimized
and the results are experimentally validated followed by the optimization of a
more realistic brake disc with cooling channels. Then, bicycle brake discs are
optimized, manufactured and tested on a test rig to assess the efficacy of the
optimization. It is shown that the best optimized brake rotors indeed largely
lower the squeal affinity of the brake system, which strongly supports the
statements made in the second chapter. Finally, a short summary concludes
this thesis in chapter 5.
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2 Avoidance of brake squeal by breaking
symmetries
In this chapter, it is shown that asymmetry of the brake rotor is a measure
against brake squeal and design goals for asymmetric rotors will be deduced,
forming the basis for the structural optimization presented in later chapters.
Since symmetric brake rotors exhibit double eigenfrequencies when they do
not rotate and are not in contact with the brake pads, they are susceptible
to a flutter-type instability when rotating in frictional contact with the brake
pads. This leads to self-excited vibrations and squeal. It can be shown mathe-
matically that asymmetry splits the double eigenfrequencies of the brake disc
enlarging the stability region up to a level of complete squeal avoidance. The
minimal necessary distance between the eigenfrequencies of the rotor will be
derived based on geometry and material parameters of the disc and the brake
pad, as well as the frequency range in which squeal is possible. These design
criteria can help to improve the brake design process.
2.1 Brake squeal as a stability problem
As has already been stated in the introduction, researchers agree that brake
squeal originates in the frictional contact between brake pad and brake rotor
[60, 92]. The steady-sliding-state solution of the rotating rotor can become
unstable, the resulting self-excited vibrations are then audible as brake squeal.
After discretization, a linearization about the steady state of the disc rotating
with constant angular velocity Ω leads in the easiest case for a full rotor
(without cooling channels, holes or chamfers) to equations of motion with
constant coefficients given as
Mq¨+ (D+G) q˙+ (K+N)q = 0, (2.1)
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under the assumption of an appropriate reference frame. M = MT represents
the positive definite mass matrix, D = DT the positive definite or positive
semi-definite damping matrix, G = −GT the skew-symmetric matrix of the
gyroscopic terms, while K = KT is the stiffness matrix, N = −NT the
skew-symmetric matrix with circulatory terms and q = q(t) the vector of
generalized coordinates. Due to the frictional contact between pads and disc,
unwanted energy transport can take place from the rotation of the disc to
vibrations of the disc perpendicular to the rotational axis, which are mainly
out-of-plane vibrations. This finds its representation in the linearized case
in the instability of the equations of motion leading to an onset of vibrations
caused by the nonconservative matrix N. The gyroscopic terms G result from
the rotation of the disc and despite the fact that the rotational speed is small,
they can have significant influence on the stability behavior [43,109,112]. The
damping matrix D contains entries from material damping and terms caused
by the kinematic linearization of nonlinear friction terms.
The stability of the equations of motion (2.1) is determined by the real
parts of their eigenvalues. It is well known that the presence of circulatory
terms N (and gyroscopic terms G) can result in eigenvalues λ with a positive
real part
Re (λ) > 0, (2.2)
leading to a potentially unstable system. In the absence of damping and with
G 6= 0 and N 6= 0, the system always has at least one eigenvalue with van-
ishing or positive real part, in most cases it is unstable [36]. The positive
real parts cause the solution of the linear equations of motion q(t) = qˆeλt to
grow exponentially with time, which does not happen in the physical system.
The linear system can only represent the onset of self-excited vibrations, the
amplitudes of the vibrations will be limited by nonlinear effects, e.g. originat-
ing from nonlinear material behavior of the brake pad leading to limit cycle
oscillations. Still, the above mentioned analysis is the core of the CEA. If a
damping matrix is present, the structure of the this matrix decides whether
it has a stabilizing or destabilizing effect, due to the presence of circulatory
terms, even if it is positive semi-definite or positive definite. A short dis-
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cussion about the influence of the structure of the damping matrix therefore
follows in section 2.2.4.
Kinkaid et al. [60] report that North was the first in 1972 to develop a
disc brake model with a non-symmetric “stiffness matrix”1 K+N due to the
presence of dry friction with a constant coefficient of friction. The friction-
induced terms in this matrix can lead to at least one positive real part of the
eigenvalue. This type of instability is known as flutter instability. It was first
reported in the analysis of flutter of aircraft wings showing the same excitation
mechanism through circulatory forces except that in aircraft wings the self-
excitation is created by airflow and not by friction forces. The enhancing
modeling capabilities and the deepening understanding of brake squeal led
to continuous models with a more precise representation of the excitation
mechanism [48,49,60,92,94], as has already been reported in the introduction.
It is an important characteristic of brake squeal that a standing wave (fixed
in the inertial frame) can be generated on the rotating disc during squeal
and that the two responsible coupled eigenmodes are attributed to a double
eigenfrequency or two frequencies in direct vicinity to each other, at least
when bending of the disc dominates its behavior.
While in the standard CEA procedure in the automotive industry only
the stability of the linear equations of motion is analysed, some authors in
the recent past promote the analysis of the system including possible non-
linear effects in addition to the dry friction between brake disc and pad
[18, 41, 73, 92, 102, 111]. The most important of these is the highly nonlinear
material behavior of the brake pad, but there are also others such as damping
caused by the friction in the joints between brake disc and suspension. Still,
these nonlinearities are frequently not well known in practice. Despite the
fact that nonlinear effects are mostly neglected in the FE-based analysis of
brake discs in frictional contact, a second issue is that any brake system that
does not have a full disc as rotor cannot be modelled with constant coeffi-
cients [110]. This will be discussed in depth in the next section, where the
1In the literature, K +N is sometimes referred to as “stiffness matrix”. However, in this
thesis the term stiffness matrix is reserved for the symmetric part K, which corresponds
to a potential energy expression. The matrix N = −NT denotes the circulatory terms,
for which no energy expression can be defined.
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benefits of asymmetry of the brake rotor will be presented after a definition of
asymmetry suitable for the purposes of this thesis. This introduces the basis
for a comprehensible structural optimization of asymmetric brake rotors for
squeal avoidance purposes, which is presented in later chapters.
2.2 Splitting of the brake rotor’s
eigenfrequencies by asymmetry
As is known since a long time, asymmetry of brake discs helps to avoid squeal.
First patents for asymmetric brake discs can at least be dated back to the
1960s [22] and 1980s [78, 86], mainly motivated by experimental findings.
Later, Suga and Katagiri patented a brake disc with unequally spaced radial
grooves also for squeal avoidance purposes [116]. Nishiwaki et al. [84] and
Fieldhouse et al. [28] also studied the influence of asymmetries on the stabil-
ity of the brake rotor in frictional contact with the brake pad experimentally.
They could clearly show that squeal at distinctive frequencies could be avoided
by adding point masses to the brake rotor or by removing small portions of
material by machining to introduce asymmetry to the disc. Their work was
based on the experimental insight that the splitting of two eigenfrequencies
in direct vicinity to each other and the squealing frequency inhibits squeal at
this frequency. However, it did not provide a mathematical background for
the squeal avoidance by asymmetry.
2.2.1 Definition of asymmetry in the context of squeal
avoidance
Before explaining this mathematical background, it is necessary to define
“symmetry” and “asymmetry” in the context of brake rotors, since the mean-
ing of these terms is not clearly defined and differs in the relevant literature on
brake squeal. Here, the approach to “symmetry” and “asymmetry” is from an
engineering perspective (see the literature on group theory for a more rigor-
ous mathematical approach [98,115]). Most engineers have a certain intuitive
understanding of symmetry and asymmetry, however, this does not always
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correspond to an exact definition and is thus not useful without clarification.
Since in the literature the term asymmetry mainly refers to brake rotors which
are modified with respect to their midplane perpendicular to the axis of rota-
tion, only a 2D view on symmetries is presented here, corresponding to a top
view on the actual brake disc. There are three types of symmetry important
for the analysis of brake discs from a geometric point of view. These are visu-
alized in Fig. 2.1 by four examples of a brake disc with different configurations
of cooling ribs.
The first type is the symmetry with respect to one or more axes. Fig. 2.1, a)
presents an example of a brake disc with four cooling ribs in a configuration
which is symmetric with respect to two perpendicular axes in the shown 2D
plane2. This configuration would without doubt intuitively be denoted as
“symmetric” by most engineers. The second type of symmetry, the point-
symmetry, is shown in Fig. 2.1, b). The six cooling ribs are arranged such
that there is no axis of symmetry in the plane depicted, however, the ribs
are arranged point-symmetric to the midpoint of the disc. Most engineers
are familiar with these two types of symmetry, which might not be the case
for the third type. This third class of symmetry discussed here is the cyclic
symmetry, which is often exploited in FE codes to reduce the computational
effort of calculations involving cyclic symmetric structures. Cyclic symmetry
refers to the fact that structures exhibiting this type of symmetry can be
divided into Ncyc equally sized sectors of exactly the same shape. Each sector
spans an angle of ∆ϕcyc = 2π/Ncyc. One example of a brake disc exhibiting
a cyclic symmetry with 3 sectors, each spanning an angle of 2π/3, is shown
in Fig. 2.1, c). The lines dividing the three sectors of same shape are dotted.
Fig. 2.1, d) finally shows a disc with one cooling rib which exhibits symmetry
with respect to one axis only. However, despite the presence of one symmetry
line, some engineers certainly would identify this brake disc as “asymmetric”.
This approach to “symmetry” and “asymmetry” is geometrically motivated
and thus, one possible definition of “symmetric” and “asymmetric” brake rotors
is the following. If the disc exhibits one or more axes of symmetry, point-
2The two depicted perpendicular axes of symmetry are not the only ones. Rotating them
by 45o results in a second set of symmetry axes.
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c) d)
a) b)
Figure 2.1: Top view on brake discs with different layouts of cooling ribs. a) Four
cooling ribs with two axes of symmetry. b) Six cooling ribs with point symmetry.
c) Six cooling ribs with cyclic symmetry. d) One cooling rib with one axis of
symmetry.
symmetry or cyclic symmetry, it is defined as geometrical symmetric disc.
If it lacks any of these types of symmetry, it is a geometrical asymmetric
one. Despite being reasonable, this definition alone is not sufficient for the
purposes of this thesis due to two facts. First, it does not agree with the
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present denomination of “asymmetric” brake discs in the literature dealing
with brake squeal, which exhibit e.g. a cyclic symmetry [28]. Second, a direct
relation between brake squeal and geometrical symmetry cannot be deduced.
This motivates a different approach which correlates to the understanding
of “asymmetry” of researchers working in the field of brake squeal and its
avoidance.
The idea behind all approaches presented in the first paragraph of sec-
tion 2.2 to introduce “asymmetry” to the brake rotor is to prevent the “mode
lock-in” effect discussed in the introduction. Measurements conducted by
Nishiwaki et al. [84] or Fieldhouse et al. [28] showed brake squeal with one
dominating frequency. “Mode lock-in” occurred at this frequency, which could
be seen by the standing waves (spatially fixed in the inertial frame) generated
on the rotating disc resembling the eigenmode corresponding to the double
eigenfrequency involved in the “mode lock-in” effect. With the attachment of
single masses or the removal of a small portion of mass from the disc it was
possible to remove the coupling of the two eigenmodes, destroy the generated
standing wave, stabilize the system and thus prevent squeal. “Asymmetry”
therefore refers to the fact that a double eigenfrequency of the nonrotating
brake disc, not in contact with the brake pads, is split. It is well known that
annular discs (having two perpendicular axes of symmetry) have double eigen-
frequencies with two corresponding, orthogonal eigenmodes [35]. Sometimes
the eigenvalues, of which these eigenfrequencies are the imaginary part, are re-
ferred to as semi-simple to distinguish them from nonderogatory double eigen-
values with only one corresponding eigenmode (or eigenvector) [99]. However,
in this thesis only double eigenfrequencies with two orthogonal eigenmodes
occur, so that this distinction is not necessary here. Some other continuous
systems like strings or Euler-Bernoulli beams cannot have double eigen-
frequencies due to the Sturm-Liouville characteristics of the underlying
differential equations [35]. Also for discs with cyclic symmetry, which does
not necessarily correspond to the presence of two axes of symmetry, it can be
proven that they exhibit at least one double eigenfrequency for Ncyc > 2 [108].
While in some cases the understanding of “asymmetry” in this context of split-
ting one or more double eigenfrequencies corresponds to the absence of the
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geometrical types of symmetry presented above, this is not always the case.
A full disc as well as a disc with cyclic symmetry would therefore not be
an “asymmetric” one in the sense of a split in eigenfrequencies, while a disc
with one axis of symmetry (Fig. 2.1, d)) would be “asymmetric” in this sense
due to the fact that its eigenfrequencies are split. In order to distinguish the
geometric symmetry from “symmetry” or “asymmetry” in the sense of split
double eigenfrequencies, the following definition is helpful and will be used
throughout this thesis.
Definition 1. A structure exhibiting one or more double eigenfrequencies in
a specific frequency band is defined as modal symmetric structure. All eigen-
frequencies of modal asymmetric structures are split in a specific frequency
band.
For brake discs, one reasonable choice of the frequency band is the audible
frequency range up to 20 kHz. Other definitions of the frequency band are
possible and meaningful as will be shown in section 2.2.3. Definition 1 cor-
responds more to the intuition of “asymmetry” researchers on brake squeal
have in mind than the geometrical asymmetry presented before. Furthermore
it will be mathematically shown in the next section that modal asymmetric
brake rotors prevent squeal.
Definition 1 also allows the introduction of grades in “asymmetry” of a given
brake disc.
Definition 2. The grade of modal asymmetry of a given structure is deter-
mined by the minimal distance between its eigenfrequencies. The higher this
distance is, the higher is the grade of modal asymmetry.
In general, the grade of modal asymmetry can be defined as an absolute or
relative value. However, considerations given in 2.2.3 prove that it is more
useful to take into account the absolute value for the case of modal asymmetric
brake rotors.
Modal asymmetry can be introduced to brake discs by altering the mass
and/or stiffness distribution of the rotor. In the easiest case by attachment
of point masses, as has been done by Nishiwaki et al. [84], or in a more
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sophisticated approach by changing the geometry of the brake disc, e.g. the
distribution of cooling channels or the introduction of axial or radial holes.
While the avoidance of geometric asymmetry is helpful in this context, it is
not always necessary: A brake disc can be modal asymmetric in the audible
frequency range and still exhibit a cyclic symmetry as does the brake disc
presented in [28]. In the next section, the mathematical background of squeal
avoidance by asymmetry will be explained in depth and the usefulness of
Def. 2 will become obvious.
2.2.2 Analysis of asymmetric brake rotors
The analysis of rotating, flexible, full brake discs in frictional contact to brake
pads after discretization and linearization leads to equations of motion (2.1)
with constant coefficients (if an appropriate reference frame is chosen). This
is not the case for all other brake systems as long as they are in contact to
brake pads that do not span the whole circumference of the disc, e.g. brake
discs with cooling channels. The equations of motion have then in the most
general case the form
M(t)q¨+ (D(t) +G(t)) q˙+ (K(t) +N(t))q = 0 (2.3)
and have time-dependent, periodic system matrices defined as for the constant
case (see Eq. (2.1)). The modeling, e.g. with flexible or rigid rotor, and the
choice of coordinates, either in a frame fixed to the rotating disc or in the
inertial, stationary frame, determines the allocation of the system matrices
[109]. It is possible that at least some of the system matrices are allocated with
constant entries with a smart choice of coordinates, however, always at least
the stiffness matrix K and/or the circulatory matrix N have time-dependent
coefficients. Consider a flexible brake disc with four cooling ribs as shown in
Fig. 2.1, a): its stiffness (in a point-wise sense) depends on the position on the
brake disc. The stiffness in axial direction is higher where the friction rings
are supported by the cooling ribs and lower in between. If the coordinates
are set up in the inertial frame, which is the standard choice for common FE
tools, the stiffness matrix is periodic since the stiffness of the disc varies with
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the position on the disc and therefore during the rotation also with time. The
lowest period T of the change of the coefficients is given by T = 2π/ (NcycΩ),
where Ω is the circular frequency of the disc and Ncyc = 4 in the case shown
in Fig. 2.1, a). If a rotating frame is chosen to avoid the time-dependence of
the stiffness matrix, the circulatory matrix becomes periodic, since then the
brake pads rotate with the circular frequency Ω and affect only parts of the
brake disc at each time step; the material points staying in contact with the
pad change over time.
It is well known that the stability of equations of motion with periodic co-
efficients cannot be determined by a standard eigenvalue analysis, since the
periodic system does not admit solutions of the type q(t) = qˆeλt. Though, it
can be studied using Floquet theory [34]. A procedure like the CEA imple-
mented in state-of-the-art FE software like ANSYS or ABAQUS to assess
the stability of the brake system is therefore not applicable in a strict sense,
but is still widely used in industry [110]. This leads to the following contradic-
tion considering geometric and/or modal asymmetric brake discs: it is known
from experiments that asymmetry and a split of double eigenfrequencies of
the brake disc is helpful to avoid squeal, which is introduced by changing its
geometry, stiffness or mass distribution. But the simulation in common FE
tools with the CEA cannot be used to tune the measures correctly, since the
calculated real parts of the eigenvalues, which are the most important CEA
results, have no meaning for the stability of the system.
Since analytical or semi-analytical modeling is very limited in the case of
geometrical and modal asymmetric brake discs due to their complex geometry
and common FE tools presently cannot be used properly for the stability
analysis of brake discs requiring a modeling with periodic system matrices, a
different approach is chosen here. This approach has been developed in the
past years [43,106–109,113,122] and leads to a mathematical justification for
the experimental finding that splitting of double eigenfrequencies of the non-
rotating brake rotor leads to a stabilization of the system and an avoidance
of brake squeal. The basic assumption of the approach is that the terms
originating from the frictional contact between brake pad and brake disc are
small compared to the elastic restoring terms. This assumption includes the
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position dependent stiffening terms by the brake pad as well as the circulatory
terms and is reasonable for brake systems used in practice, for which the
stiffness of the brake pad is by magnitudes smaller than the stiffness of the
metal rotor [40]. The discretized equations of motion can then be written as
Mq¨+ (δ(ǫ)D(t) +G(t)) q˙+
(
K+ κ(ǫ)K(t) + γ(ǫ)N(t)
)
q = 0. (2.4)
The terms δ(ǫ)D(t), G(t), κ(ǫ)K(t) and γ(ǫ)N(t) are perturbations of the
unperturbed problem
Mq¨+Kq = 0. (2.5)
The perturbations result from damping of the brake system (D(t)), from
asymmetry of the rotor or stiffness of the brake pads (K(t)) and from the
frictional contact between pads and disc (N(t)). Also, the matrix of gyroscopic
termsG(t) will be “small” for the low range of angular velocities important for
brake squeal and can therefore be treated as perturbation. The denomination
of the system matrices follows the case with constant coefficients (Eq. (2.1)),
but here the system matrices are assumed to be normalized such that
M = I, (2.6a)
K = diag(ω21 , ω
2
2 , . . . , ω
2
P ), (2.6b)
where I is the identity matrix. The unperturbed system has P circular eigen-
frequencies ωi3, of which some can be double if the system is modal symmetric.
The parameters δ(ǫ), κ(ǫ) and γ(ǫ) determine the influence of the damping,
stiffness and circulatory matrices in the perturbation analysis and are assumed
to depend on the perturbation parameter ǫ. Thus, it is possible to expand all
of them in terms of ǫ as
δ(ǫ) = δ1ǫ+ δ2ǫ
2 + . . . , (2.7a)
κ(ǫ) = κ1ǫ+ κ2ǫ
2 + . . . , (2.7b)
3In this thesis, circular frequencies are referred to as ω, while f refers to frequencies. The
same holds for eigenfrequencies.
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γ(ǫ) = γ1ǫ+ γ2ǫ
2 + . . . . (2.7c)
The stability of the trivial solution of Eq. (2.4) can be analyzed using Floquet
theory and is determined by the magnitude of the eigenvalues ρj of the mon-
odromy matrix, which are also called Floquet multipliers [34]. The analysis
of the stability of Eq. (2.4) presented in short form here can be found in detail
in [107,109]. The notation follows these publications.
An expansion of the eigenvalues of the monodromy matrix in terms of the
perturbation parameter ǫ leads to





ǫ+ . . . , (2.8)
where ρ0j corresponds to the unperturbed problem (2.5). It has a magnitude
of |ρ0j | = 1, which represents the stability boundary in Floquet theory,
since the unperturbed problem is weakly stable. Therefore, the stability is
determined by the magnitude of the derivative of the Floquet multiplier,
















with ρ∗0j being the complex conjugate of ρ0j . The solution of the system
under investigation is stable if the derivative of the Floquet multiplier is
negative and therefore directed into the stability region. It is shown in [107,
109] that the double, semi-simple eigenvalues of the monodromy matrix ρ0j
are important for the investigation of the stability of (2.4) and that ∂ρj/∂ǫ|ǫ=0




















For further considerations, the perturbation parameters δ1, κ1 and γ1 are set
equal to 1, without loss of generality. The argument of the determinant in
Eq. (2.10) can be reduced to a 2x2-system due to the fact that the double
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eigenvalues of the monodromy matrix correspond to double eigenfrequencies
ωi = ωj of the unperturbed system (2.5), see [107, 109]. Therefore, only
entries dij , gij , kij and nij of the time-dependent system matricesD(t), G(t),
K(t) and N(t) enter the equations that belong to the double eigenfrequencies
ωi = ωj . After performing an orthogonal transformation that diagonalizes
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with j > i. The stiffness matrix is diagonalized and therefore the disc’s modal
asymmetry is represented by ∆k, which can be expressed by
∆k = 2π∆ω2, (2.13)
with the difference between between two neighboring eigenfrequencies ∆ω =
ωl − ωk. This difference is induced by the rotating asymmetry of the brake
disc, where asymmetry in the sense used here refers to geometric modifica-
tions of the disc or modifications in the mass and/or stiffness distribution. If
this asymmetry is not present, ∆ω = 0 and the eigenfrequencies under con-
sideration ωk and ωl are the double eigenfrequencies ωi = ωj . The damping
matrix, however, is not guaranteed to be diagonal, therefore the terms ∆d
and d˜ account for the most general structure of the damping matrix.








































This is the general case of the stability boundary achieved by perturbation
theory and could directly be evaluated numerically. However, for the next
steps the gyroscopic terms g will be neglected and the damping matrix will
be assumed to be diagonal with ∆d = 0 and d˜ = 0. This enables an analytical
evaluation of Eq. (2.14) and therefore an analytical approximation of the sta-
bility boundary. The influence of the gyroscopic terms and of the structure
of the damping matrix will be discussed in section 2.2.4 based on numerical
evaluations. Still, these numerical studies show that the most important pa-
rameters influencing the stability are covered by the analytical approximation
presented in the following.
For g = 0, ∆d = 0 and d˜ = 0, Eq. (2.14) simplifies to
0 = −4d2ω2j −∆k2 + 4n2 = s (d,∆k, n, ωj) . (2.15)
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The steady-sliding state of the system is stable for s < 0 and unstable for
s > 0, since the derivative of the Floquet multiplier then directs into the
stable region or into the unstable one, respectively (see Eq. (2.8)). Thus,
the damping d and the split between neighboring eigenfrequencies ∆k act as
stabilizing, while n destabilizes.
This mathematical derivation justifies the experimental evidence that split-
ting eigenfrequencies of the brake rotor helps to avoid squeal, which is an
important basis for the following steps and the structural optimization of the
brake rotor. For given circulatory terms n and damping d, a certain split of
eigenfrequencies (represented by ∆k) is necessary to stabilize the solution of
the equations of motion leading to a minimal required grade of modal asym-
metry of the brake rotor. Since the brake disc can have many pairs of double
eigenfrequencies or closely spaced ones, it is necessary to introduce a split of
eigenfrequencies for all pairs in a certain frequency range to assure stability.
In the next section an estimate of the minimal necessary distance between
eigenfrequencies is presented and the frequency range in which this has to be
achieved. These are the criteria for the design of squeal free brakes.
2.2.3 Design criteria for squeal free brakes
The analysis in this section has been published originally in [125]. The mini-
mal necessary distance ∆f between eigenfrequencies of the rotor can directly













with the double eigenfrequency fj . If the brake system under consideration
is known and modeled in detail and therefore the circulatory terms n and the
damping d are known to a certain precision, ∆f can be calculated directly.
However, it is highly desirable to be able to estimate ∆f before a final brake
design is known, in order to conduct a structural optimization to achieve this
split to avoid squeal in the final brake disc. Therefore, in the following, an
estimate for the minimal necessary distance will be derived.
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To achieve this, the terms n and d of Eq. (2.16) have to be estimated. In
order to reach a reasonable estimate of n with all important parameters of
the brake system, the easiest continuous model of a brake disc in frictional
contact will be taken as a basis. This is the circular beam in contact to a
massless friction pin connected to a linear spring. The pin is the most simple
representation of the brake pad and the circular beam is a model of the brake
disc that can be handled semi-analytically and includes all major influences of
the structure exhibiting self-excited vibrations. The beam has many double
eigenfrequencies and also the correct contact kinematics is considered leading
to circulatory terms which are periodic if the beam is modelled in a rotating
frame4. In Fig. 2.2 the beam rotating with a constant rotational frequency Ω
is shown in contact with two pins connected to springs of stiffness k with a








Figure 2.2: Circular beam in frictional contact to massless pins. Sketch adopted
in a modified form from [109].







4It seems to be more convenient to set up the equations of motion in a stationary frame
to achieve constant coefficients, however, here they are set up in a rotating frame such
that they have the form presented in section 2.2.2.
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as is shown in [109], where the thickness of the brake disc is denoted as h,
rp is the radius to the midpoint of the brake pad and k is its overall stiffness
simplified here as a linear spring. The generalized mass corresponding to
the double eigenfrequency fi = fj is mG, the maximal amplitude of the
corresponding shape function is wˆi and its maximal spatial derivative wˆ′j is
given by wˆ′j = ∇wˆj · eϕ with eϕ being the direction of the relative velocity
between brake disc and pad. The factor 2π in Eq. (2.17) result from the
integration of the entries of the matrix of circulatory terms over one period
for the stability analysis using Floquet theory, see Eq. (2.12). The same




j ≤ 1, (2.18)
since the shape functions are assumed to be normalized to an amplitude of
1. For practical applications, the position of double eigenfrequencies in the
frequency band of consideration and thus also the position of instabilities is
not known before a final design is fixed. It has to be taken into account
that they can occur everywhere in the whole frequency band. Therefore, ∆f
is not evaluated for discrete frequencies fj anymore but for the continuous
frequency f . For a conservative estimate, the generalized mass can then be
chosen to be the minimal generalized mass mminG of all eigenmodes in the
audible frequency range. Here, the minimal generalized mass is assumed to
be calculated with eigenvectors normalized to an amplitude of 1. It can either
be gained from a simplified analytical or finite element model.
In reality, the damping of the brake system not only originates from material
damping of the disc and the brake pads, but also from the friction in the joints
and from the friction between brake pad and rotor. Thus, the damping matrix
can be a dense matrix. Still, as has been explained at the end of the previous
section, it is assumed here that the damping matrix, corresponding to the
double eigenfrequency fi = fj , is diagonal with equal elements d. Also, if the
common assumption of mass and/or stiffness proportional damping is made,
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d is given by






with the parameters αS and αM , which makes it possible to adjust the damp-
ing of the brake rotor to measurements. If measurements for the brake disc,
for which the estimation is performed, are not yet available, it should be pos-
sible to adjust the parameters αS and αM from measurements of similar brake
systems. It will be shown in the next section that the presented assumptions
for the damping cover the most important effects considering its influence on
the stability.
A combination of the approximations of n and d in Eq. (2.16) leads to a
conservative estimate of the minimal necessary distance between the eigenfre-










− 4π2(4π2αSf2 + αM )2f2, (2.20)
which is a function of the geometry and material parameters of the brake
rotor, the damping, the pad stiffness and the considered frequency (the po-
sitions of double eigenfrequencies of the brake disc are not known a priori).
If the distance is larger than the estimated limit calculated by Eq. (2.20),
stability is ensured and squeal does not occur, while squeal may occur (but
does not necessarily have to) if the distance is smaller. At low frequencies,
the stabilizing effect of damping d is lacking and thus the maximum separa-
tion between the eigenfrequencies is necessary, while at higher frequencies the
effect of damping is more pronounced and lowers the necessary separation of
them. Two extremes can be formulated. The first being at lowest frequencies,







the second being the limit frequency flim above which squeal does not occur
even without any separation of the eigenfrequencies due to damping of the
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system. This frequency can be calculated by setting the right hand side of






− 4π2(4π2αSf2lim + αM )2f2lim = 0, (2.22)
which can to be solved for the limit frequency flim. This limit frequency above
which squeal is not expected to occur is highly influenced by damping and
therefore not easy to estimate, since damping can be difficult to measure.
In order to visualize these findings, four different types of brake discs are
analyzed exemplarily with respect to the minimal necessary distance between
the eigenfrequencies to avoid squeal and with respect to the maximum fre-
quency they are expected to squeal without separation of the eigenfrequencies.
Table 2.1 shows the parameters of the four types of brake discs. The first one
Disc h [m] rp [m] k [N/m] µ [-] mminG [kg] αS [s] αM [1/s]
P 0.026 0.125 1.1 · 106 0.4 1.81 2 · 10−10 0.184
C 0.04 0.17 2.2 · 106 0.5 2.0 2 · 10−10 0.184
I 0.012 0.12 5.5 · 105 0.4 0.51 1 · 10−9 0.921
B 0.002 0.0735 1.2 · 105 0.4 0.035 1 · 10−10 0.092
Table 2.1: Parameters of the four types of considered brake discs. Prototype brake
disc (P), ceramic disc (C), cast iron rotor (I) and bicycle disc (B).
represents a steel prototype disc used for tests at the brake test rig at TU
Darmstadt, of which the results of an optimization are presented in section
4.2, the three others represent exemplarily different types of state-of-the-art
brake discs. The first one of those is a disc with the parameters of a ceramic
brake disc with cooling channels used for expensive modern sports cars. The
second one is a smaller cast iron disc without cooling channels which can
typically be found at the rear axle of modern passenger cars with a much
higher damping, and the third type is a bicycle brake disc which is much
smaller, lighter and thinner than automotive brake discs. This bicycle brake
disc was also optimized and tested, see section 4.5. Figure 2.3 shows the bor-
der between stable and unstable region of the prototype steel disc in frictional
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contact calculated with Eq. (2.20). If the separation of any eigenfrequency











Figure 2.3: Minimal necessary separation of eigenfrequencies ∆f for the prototype
disc. The stable and unstable regions are marked in the figure.
pair of a brake disc under consideration lies inside the limit curve given by
an equality sign in Eq. (2.20), the brake disc is potentially unstable. It can
squeal, but does not necessarily have to. If the separation of all eigenfrequen-
cies is above the bound, stability is ensured and no squeal can occur, which
visualizes the goal of a defined split of eigenfrequencies in a estimated fre-
quency band to avoid squeal. This directly relates to the definition of modal
asymmetry (Def. 1) and of the grade of modal asymmetry (Def. 2) in section
2.2.1. It can be seen in Fig. 2.3 that for a large frequency band, a separation
of eigenfrequencies is necessary for the stabilization of the system which is
near the maximum value necessary at the lowest considered frequency, which
is calculated with Eq. (2.21) to be approximately 50 Hz. Only at very high
frequencies the effect of damping reduces the necessary separation until no
separation of eigenfrequencies is necessary anymore to avoid squeal. Above
this limit frequency of approximately 9300 Hz, even a modal symmetric steel
disc is not expected to squeal. Figure 2.4 shows a comparison between the
minimal necessary separation of eigenfrequencies of the four brake discs pre-
sented in Tab. 2.1. In comparison to the steel prototype disc, the ceramic
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Figure 2.4: Comparison of the minimal necessary separation of eigenfrequencies
∆f for the four considered types of brake discs. Prototype brake disc (P), ceramic
disc (C), cast iron disc (I), bicycle disc (B).
brake disc requires a much higher separation of eigenfrequencies for squeal
avoidance and also shows affinity for brake squeal up to much higher frequen-
cies. This partially originates from a stiffer brake pad and a higher friction
coefficient between brake pad and disc, partially from a different geometry.
In contrast, the much thinner cast iron brake disc, which is in contact with a
brake pad of lower stiffness and has a higher damping, shows reduced affinity
to squeal. This corresponds to the practical experience that less stiff brake
pads and higher damping frequently lead to brake systems less susceptible to
squeal. In contrast to first intuition, the bicycle brake disc, which is a totally
different kind of brake disc as is shown in Fig. 4.18, lies in the same range of
frequency split and squeal limit frequency as the other three types of brake
discs. The necessary separation of eigenfrequencies ∆f and the limit frequen-
cies flim for the four types of analyzed brake discs are given in Tab. 2.2. Some
important conclusions can be drawn for the structural optimization of brake
discs that will be presented in the following chapters. The first is that it is
not necessary to optimize in the whole audible frequency range up to 20 kHz
but only up to a smaller limit frequency that can be estimated in advance if
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P C I B
∆f (Hz) 50 81 47 43
flim (Hz) 9300 13200 4200 10800
Table 2.2: Necessary separation of eigenfrequencies ∆f and limit frequencies flim
for the four types of analyzed brake discs rounded to 1 Hz and 100 Hz, respectively.
Prototype brake disc (P), ceramic disc (C), cast iron disc (I) and bicycle disc (B).
some basic parameters of the brake system are known. This largely reduces
the amount of eigenfrequencies to be considered and therefore enables a more
efficient optimization process. Also, it is important to optimize the abso-
lute distance between the eigenfrequencies instead of the relative one, since a
higher separation between the eigenfrequencies is necessary at low frequencies.
At first glance, both would seem to be reasonable. In the next section, the
influence of the gyroscopic terms and of the structure of the damping matrix
is analyzed, which have been neglected so far. These influences will be studied
considering the example of the steel prototype disc.
2.2.4 Influence of gyroscopic terms and of the structure
of the damping matrix
It is well known that gyroscopic terms can influence the stability of the steady-
sliding-state condition of the brake system, despite the fact that they are small
in the low range of rotational speeds important for the analysis of brake squeal
[43, 109, 112]. In Fig. 2.5, the stability boundary is shown for three values of
g, which is calculated numerically with Eq. (2.14) using the estimates for the
circulatory terms n and d presented in Eqs. (2.17) and (2.19), respectively.
The terms ∆d and d˜ are set equal to zero. The first stability bound for
g = 0 is already known from Figs. 2.3 and 2.4. For the other two cases,
the values of g are chosen to be in the same range as the damping terms d
evaluated at a frequency of 1 kHz, which is known to be the lower bound of
squealing frequencies for automotive brake discs [60]. The first one of these
cases is calculated with a gyroscopic term of g = d(f = 1000Hz)/5 and the
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Figure 2.5: Minimal necessary separation of eigenfrequencies ∆f for the pro-
totype disc for g = 0 (solid, blue), g = d(f = 1000 Hz)/5 (dashed, red) and
g = d(f = 1000 Hz)/2 (dash-dotted, green).
second one for g = d(f = 1000Hz)/2. The gyroscopic terms have two effects.
They enlarge the range in which the brake system is susceptible to squeal
and they increase the split of eigenfrequencies necessary to avoid squeal at
low frequencies. However, both effects are small and thus it seems to be
reasonable to neglect the gyroscopic terms for the further analysis as long
as they are indeed “small”. The gyroscopic terms increase with increasing
rotational speed of the brake rotor as also will their influence on the stability
boundary, but the squeal relevant range is at very low speeds leading to “small”
gyroscopic terms.
While it is well known that gyroscopic terms can have unwanted effects in
conjunction with circulatory terms, less is known about the influence of the
structure of the damping matrix. The influence of ∆d and d˜ is studied in
direct analogy to the influence of gyroscopic terms g; the parameters g and
∆d or d˜, respectively, are set equal to 0. For the first numerical study, ∆d is
set to ∆d = 0.3 d and ∆d = 2 d leading to the resulting stability boundaries
presented in Fig. 2.6, a). It can seen that ∆d has a destabilizing effect at low
frequencies, which has to be compensated by a higher split of eigenfrequencies.
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Figure 2.6: a) Minimal necessary separation of eigenfrequencies ∆f for the pro-
totype disc for ∆d = 0 (solid, blue), ∆d = 0.3 d (dashed, red) and ∆d = 2d
(dash-dotted, green). b) Minimal necessary separation of eigenfrequencies ∆f for
the prototype disc for d˜ = 0 (solid, blue), d˜ = 0.25 d (dashed, red) and d˜ = 0.5 d
(dash-dotted, green).
At higher frequencies, the effect is positive instead, since the limit frequency
up to which squeal is possible is reduced. However, both effects are small and
a very high difference of the damping terms on the diagonal of the damping
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matrix5 is required to change the stability behavior significantly. Also, if the
idea of stiffness proportional damping is implemented rigorously, ∆d can only
have values far below 0.3 d, since ∆f is only a very low percentage of f .
The influence of the off-diagonal terms d˜ is shown in Fig. 2.6, b). For the
calculation of these results, d˜ has been chosen as d˜ = 0.25 d and d˜ = 0.5 d.
It can be seen that higher values of d˜ lead to higher limit frequencies (up
to which squeal is possible). The off-diagonal terms of the damping matrix
therefore compensate the positive effect of the diagonal terms to a certain
degree. In the limit of a positive semi-definite damping matrix with d˜ = d, it
completely cancels the effect of d. However, even the presence of large values
of d˜ does not destabilize the steady-sliding-state, if a sufficient split between
the eigenfrequencies is achieved. Also, the damping matrix will be diagonal-
dominant in most cases after the transformation that diagonalizes K(t) and
therefore the influence of d˜ will be negligible.
Numerical studies with an equivalent 2x2 M-D-G-K-N-system with con-
stant coefficients (Eq. (2.1)) show the same tendencies. If the assumption of
“small” gyroscopic, circulatory and damping terms is dropped, this can change
and a difference of the diagonal terms of the damping matrix and the presence
of the off-diagonal ones can lead to instability. However, since for the brake
systems discussed in this thesis the mentioned assumption is valid, as will be
shown by the results presented in chapter 4, this shall not be discussed further
here.
After this short analysis of the importance of gyroscopic terms and of the
structure of the damping matrix, in the next section a procedure for the design
of asymmetric brake discs will be presented to achieve squeal free brake discs.
This lays the basis for the structural optimization presented in later chapters
and helps to classify it in the context of the design of brake discs for practical
applications.
5Here, this reference is made to the damping matrix of the 2x2-system of Eq. (2.11).
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2.3 Procedure for the design of asymmetric,
squeal-free discs
If modal asymmetric brake discs are to be used in practical applications, it is
necessary to account for the asymmetric design in a very early design stage.
This is especially important for the automotive industry, since changes of the
rotor design in later design stages will require expensive revisions, e.g. of the
casting molds for cast iron discs. In the following, an overview of a possible
workflow for the design of asymmetric discs with the focus on squeal avoidance
is presented.
Workflow for the design of asymmetric brake discs
1. Starting point
• Definition of the design space of the rotor: thickness, inner and
outer radius and, if present, dimensions of the hat.
• Determination of the material to be used, e.g. cast iron or steel.
• Estimation of the coefficient of friction between brake pad and
brake disc, the pad overall stiffness and the overall damping
2. Formulation of design criteria for squeal free asymmetric discs
• Minimal necessary split of eigenfrequencies for squeal avoidance
• Frequency range in which squeal is possible
3. Choice of geometry variations to fulfill design criteria, e.g. variation of
the cooling channels
4. Structural optimization of the disc
• Formulation of a useful objective function
• Consideration of constraints (reaching from balance requirements
to manufacturing demands)
5. Realization of the final design under possible consideration of other de-
sign criteria
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In the first stage, basic parameters of the brake disc are known or can be
determined either from requirements of the practical application or knowledge
from similar brake discs already in use. Before the final design is fixed, goals
for the structural optimization of the brake disc for squeal avoidance can be
deduced. In order to achieve those in the final design, geometry variations are
chosen to fulfill these criteria. These can reach from very simple modifications,
like the application of small single masses, to more realistic modifications of
the cooling channels. Based on a proper model, which will be a FE model
due to the complicated geometry of the brake rotor in practical applications,
a structural optimization can be conducted to achieve a final design robust
against brake squeal. However, it is obvious that for a final design of a realistic
brake disc, there are many objectives to take into account. The basic function
of the brake disc has to be fulfilled in first place, then, thermal deformation,
wear resistance, manufacturing issues, costs etc. have to be considered. These
objectives are all important but frequently conflicting. As one example, from
a squeal free point of view, it would be very beneficial to manufacture brake
pads with a small stiffness and a low friction coefficient between brake pad
and disc. However, for automotive applications a brake pad with high stiffness
and high friction coefficient is required to allow the customer to have a better
“feeling” for the brake application and to realize short stopping distances of
the vehicle. In this thesis, the focus lies on the avoidance of brake squeal,
the other mentioned requirements are not taken into account directly. This
might not seem to be satisfying at first glance, however, the intention of
this thesis is not to achieve brake disc designs directly suitable for usage in
a passenger car or for a bicycle, but to show the possibilities and limits of
squeal avoidance by the design and optimization of brake rotors. Before the
structural optimization is introduced in detail in chapter 4, the modeling of
brake discs used in the optimization is presented in the next chapter.
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This chapter presents a modeling technique for brake discs with modifications
that can range from the insertion of radial or axial holes to the incorporation
of cooling channels. It gives an efficient basis for a structural optimization that
aims for a change in the distribution of eigenfrequencies, as will be presented in
the next chapter, and allows for large changes in the geometry of the structure
to be optimized. For a shorter and easier notation, this modeling approach
is referred to as energy modification method (EMM) throughout this thesis.
After the derivation of the method in section 3.1, the EMM will be used to
study the free vibration problem of two simple examples, an inhomogeneous
rod and a rectangular plate with a hole. The former example gives a first
insight into advantages and limits of the approach, the latter will be used
to study the convergence of the EMM in detail. The method will then be
applied to model an automotive brake rotor with radial holes, a brake disc
with cooling ribs defining the cooling channels of a realistic automotive brake
disc and to a simple example of a bicycle brake rotor. Large parts of this
chapter have been published first in [126].
3.1 A suitable modeling approach for an
efficient structural optimization
The structural optimization problem to split all eigenfrequencies of a brake
rotor in a specified frequency range is a nonlinear optimization problem requir-
ing very high computational effort due to the fact that in each optimization
step the eigenvalue problem has to be solved. It will be shown in chapter 4.2
that satisfying results can only be achieved if large variations in the geometry
are possible. Therefore, the underlying modeling technique has to allow for
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these large changes as efficiently as possible. Additionally, the geometry of
the brake disc can be complicated due to the presence of hat, holes or cool-
ing channels, which prevents the usage of semianalytical modeling techniques
with a discretization with global shape functions but encourages the usage
of the FEM with local shape functions. The EMM to be introduced and de-
rived in the following has the required properties and avoids the necessity to
remesh the structure in the optimization process that is often necessary if the
structure to be optimized is modeled with the FEM.
3.1.1 Basic concept
In their 2007 publication, Kwak and Han presented an approach to model
plates with holes, where the holes are treated as parts with negative material
parameters [63]. The main idea of this modeling technique is to discretize a
plate and a hole separately, using a Ritz approach with global shape functions
and to combine them by kinematical constraints leading to mass and stiffness
matrices and thus eigenfrequencies of the combined structure. The benefit of
this method is that due to the separate discretization of plate and hole the
position of the hole can be varied without changing the underlying discretiza-
tion itself. In the method discussed in the following, the approach of Kwak
and Han is generalized, modified and combined with the FEM. The basic idea
is in direct analogy to [63] to discretize the basis structure, e.g. a plate or a
brake disc, and the modifications, e.g. the holes or cooling ribs, separately
and then to combine modifications and basis structure in the energy expres-
sions, which can also account for geometrical nonlinearities in the approach
presented here. If holes are considered, they are treated as parts with vanish-
ing stiffness and mass density, so that the modification of the basis structure
corresponds to a subsystem with negative stiffness and mass. Finally, the
coordinates of the modifications are expressed in terms of the coordinates of
the basis structure and thus the mass and stiffness matrices of the completely
assembled system are obtained. For the discretization, the use of the FEM
based on local shape functions is encouraged, since it allows the discretization
of complex strucutures, is a very flexible method and is readily available in
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commercial tools. Despite the fact that the EMM has been designed to allow
a structural optimization of brake discs with various modifications to adjust
the disc’s eigenfrequency distribution, it can be applied to a large variety of
problems, as long as it is not the aim to represent very localized effects, like
stress distributions at cracks in a structure.
If holes or cut-outs are to be modeled, the core idea of the EMM is to use
negative mass and stiffness parameters. This is already known in the scientific
community in the context of asymptotic modeling of constraints [50, 52, 54].
The approach to utilize negative stiffness and inertia terms in asymptotic
modeling can not only be applied to vibrational problems, but also to a sta-
bility analysis [51]. Furthermore, detailed studies about convergence are avail-
able [53]. However, this is not the case for using negative terms for modeling
modifications, thus a detailed convergence study will be presented in section
3.3.2 of this chapter. The combination of parts of the model with positive
and negative material parameters is also known in the context of hybrid mod-
eling, where parts of the model are experimentally measured and parts are
modeled analytically or numerically. Frequently, a combination of experimen-
tally measured substructures and analytical or numerical substructures in one
combined model is advantageous. The analytical or numerical substructures
can have negative material parameters [5, 75].
It is also interesting to note that the coupling of the coordinates of modifi-
cation and basis structure in the EMM is related to common mesh coupling
methods, which address challenges reaching from the coupling of different
(FEM) element types [19] to coupling of different physical domains (e.g. fluid-
structure interaction) [23].
3.1.2 Mathematical derivation
In the following, a detailed mathematical derivation of the approach will be
presented starting from basic equations of elasticity. Consider an elastic body
D with its boundary ∂D, density ρ and a material law with linear stress-strain
relationships shown in Fig. 3.1. A domain H inside the elastic body D (H ⊂ D)
with the boundary ∂H, density ρ+ ρ and other different material parameters
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Figure 3.1: Elastic body D with a modification H.







ρ(x)p˙(x, t) · p˙(x, t)dV, (3.1)
where the vector of displacements p of a material point P of the body reads
p(x, t) = u1(x, t)e1 + u2(x, t)e2 + u3(x, t)e3, (3.2)
with the displacement in x1-direction u1, in x2-direction u2, in x3-direction
u3 and the unity vectors e1, e2 and e3. The vector x denotes the position of












using the summation convention, where σ(ǫ) is the stress tensor depending on
the Green-Lagrange strain tensor ǫ, which are both tensors of second order
(with their components σij and ǫij). The components of the strain tensor ǫ



















3.1 A suitable modeling approach for an efficient structural optimization
where i, j, k = 1, 2, 3 and the summation convention is also used. As the most
common material law, Hooke’s law can be used to express the components
of the stress tensor σ in terms of the components of the strain tensor ǫ as
σij = cijklǫkl, (3.5)
in which the summation convention is used again to shorten the occurring
expressions [12]. cijkl are the components of a tensor C of fourth order con-
taining the material constants, where C = C(x) here. Inserting Hooke’s law
into the potential energy and considering the different tensors containing the
material constants in the domains D\H with the material constants C and H
















: ǫdV︸ ︷︷ ︸
II
. (3.6)













ρp˙(x, t) · p˙(x, t)dV︸ ︷︷ ︸
II
. (3.7)
It is well known that for isotropic material behavior, the material constants
cijkl can be expressed by two independent material constants [12], e.g. the
modulus of elasticity E and Poisson’s ratio ν leading to
σij =
νE




making use of δij as the well knownKronecker-Delta. In the case considered
here, the modulus of elasticity in the domain D\H is E and in the domain H
E + E. The expression for the potential energy (3.6) simplifies accordingly.
The discretized equations of motion for the system can be obtained us-
ing the Ritz method, where the basic idea of the EMM is to use separate
discretization schemes for the domains I (denoted as basis structure) and II
(representing the modification) in the Ritz approximation of the system and
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where the shape functions Ui(x), Vi(x) and Wi(x) can be global or local
shape functions fulfilling the essential boundary conditions. The ansatz for

























respectively. The separate discretization schemes for I and II are combined
by the condition u1(x, t)u2(x, t)
u3(x, t)
 =
 u1(x, t)u2(x, t)
u3(x, t)
 , for x ∈ H. (3.11)














 , for x ∈ H, (3.12)
which cannot be fulfilled in a strong sense with a limited number of shape
functions. But it can be fulfilled in a weak, error minimizing sense, either in
an integral sense, as has been done by Kwak et al. [63], or by fulfilling the
condition at χ discrete points. This seems to be advantageous if local shape
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This leads to a system of equations
Sq = Sq, (3.14)
relating the coordinates of the modification q = (qu,qv,qw)T to the coor-

















while the matrix S can be written as
S =
 [Uj(xi)] 0 00 [Vj(xi)] 0
0 0 [Wj(xi)]
 . (3.16)
The entries of these matrices are given by the shape functions evaluated at
the mentioned χ discrete points. In order to guarantee the solvability of
Eq. (3.14), the χ points, where the displacements in the modification (II) are
set to be identical to selected points in the basis structure (I), are chosen to
be the nodes of local, normed shape functions. Then the matrix S becomes
the identity matrix and Eq. (3.14) simplifies to
q = Sq. (3.17)
After this substitution of the displacement in domain II by the displacement
of domain I, the resulting ansatz for the displacement of the modified body
can be inserted into the kinetic energy (3.7) and the potential energy (3.6)
after taking proper derivatives, if necessary (see Eq. (3.4)). The discretized








where M is the mass matrix of the discretized basis structure (I) and M is
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with the stiffness matrix of the basis structure K in domain I, the stiffness
matrix of the modification K in domain II and higher order terms. These
discretized energy expressions can be inserted into Lagrange’s equations
to derive the equations of motion of the system, which are nonlinear in the
case of finite strains. In the linear case presented in the following, this is
straightforward since the energy expressions of the linear system directly yield
mass and stiffness matrices. In the special case of small strains, the entries of




















Mass and stiffness matrices of basis structure and modification can be calcu-
lated using the Ritz method with global shape functions or by using FEM
tools. Obtained from these energy expressions, the mass matrix Mc and the
stiffness matrix Kc of the system with one modification read
Mc = M+ S
TMS, (3.22a)
Kc = K+ S
TKS. (3.22b)










with the coordinate coupling matrix Sn of each modification. These steps
illustrate the assembly of mass and stiffness matrices of structures with modi-
fications using the EMM. The resulting matrices can then be used for further
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calculations, in this thesis for the calculation of eigenfrequencies ω and eigen-
vectors v. The corresponding eigenvalue problem can be written as(
Kc −Mcω2
)
v = 0. (3.25)
In order to complete the explanation of the EMM and to introduce holes
or clearances in the basis structure, it is possible to set the density of the
modifications as ρ = −ρ and the modulus of elasticity (or another stiffness
parameter) to E = −E. Then the mass matrix and stiffness matrix of the
modifications become negative and the effect of the hole or clearance is embed-
ded in the mass and stiffness matrices Mc and Kc accordingly. The addition
of the mass matrices of the modifications to the mass matrix of the basis
structure might lead to a mass matrix Mc that loses its positive definiteness
possibly yielding numerical difficulties. In order to avoid this, it is proposed
to calculate the mass matrix of the structure with holes or clearances as




with a small parameter κ ≪ 1. In the next section, as a first, simple ex-
ample, the EMM will be used to study the free longitudinal vibrations of an
inhomogeneous rod.
3.2 Longitudinal vibrations of an
inhomogeneous rod
This example of a linear-elastic rod with density ρ, area A and modulus of
elasticity E has also been studied in [114]. Between x = L1 and x = L2, the
density is ρ+ρ and the modulus of elasticity is E+E, as is shown in Fig. 3.2,
making the rod inhomogeneous. The homogeneous bar as the basis structure
can be discretized with global shape functions
















Figure 3.2: Inhomogeneous rod.
or local shape functions




for (i− 1)h ≤ x ≤ ih
−x−(i+1)h
h
, for ih ≤ x ≤ (i+ 1)h
0, else.
(3.28)
The modification between x = L1 and x = L2 with density ρ and modulus
of elasticity E is discretized using only local shape functions U
loc
j (x) defined
in analogy to Eq. (3.28). The mass and stiffness matrices of basis structure
and modification are then obtained with the EMM, where the entries sij of
the coordinate coupling matrix S are given by Eq. (3.16), leading to the mass
and stiffness matrices of the inhomogeneous bar obtained with Eqs. (3.22a)
and (3.22b).
Using the parameters presented in Tab. 3.1, where E + E = 0.5E, three
ρ = 7850 kg/m3 E = 206000MPa L = 1m L2 = 0.65m
ρ = 0 kg/m3 E = −103000MPa L1 = 0.4m κ = 0
Table 3.1: Parameters of the rod.
numerical experiments are performed, in which the first five non-zero eigenfre-
quencies of the inhomogeneous rod are computed. In one calculation 12 global
shape functions are used for the discretization of the homogeneous rod and
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for the second calculation 80 local ones. The modification is approximated
with 40 local shape functions in both cases. Table 3.2 shows that all results
are in good agreement.
Performing the same calculation using E = −E reveals a very different re-
Eigenfrequency (rad/s) Global shape f. Local shape f. Difference (%)
ω1 7274 7229 0.62
ω2 21625 21533 0.43
ω3 37188 36921 0.72
ω4 51544 51286 0.50
ω5 65326 64753 0.88
Table 3.2: Eigenfrequencies of the bar for E + E = 0.5E.
sult, as is demonstrated in Tab. 3.3.
The agreement between the approach with global shape functions and the
Eigenfrequency (rad/s) Exact solution Global shape f. Local shape f.
ω1 20117 6487 19938
ω2 45981 24033 45535
ω3 60350 33043 59863
ω4 91962 52321 91208
ω5 100580 70399 99927
Table 3.3: Eigenfrequencies of the bar for E +E = 0.
exact solution is poor, while the agreement for the approach with local shape
functions is very good. However, it has to be noted that the approximations
do not yield an upper bound for the eigenfrequencies, as for a standard Ritz
approach. This originates from a possible underestimation of the potential
energy due to the presence of negative terms, depending on the discretiza-
tion. A couple of approximately zero eigenvalues corresponding to the nodes
in the perturbed area of the rod have been discarded in the table. The reason
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for the poor agreement between the approach with global shape functions and
the exact solution lies in the fact that for the case E = −E the left and the
right part of the rod are not connected, whereas the global shape functions
always couple both parts. Therefore, they can only poorly approximate dis-
continuities as they occur here with the placement of the hole between both
parts of the rod. Concluding, local shape functions can cover local effects in
most cases better than global ones and thus are recommended for a use with
the approach presented here. In the next section, the EMM will be applied
to a rectangular plate with one rectangular or circular hole.
3.3 Free vibrations of a rectangular plate with a
rectangular or circular hole
Both cases have also been studied by Kwak et. al. [63] using a related approach
based on global shape functions for plate and holes. Also, this example is
widely studied in the literature using a variety of methods [17, 66, 69, 117,
137] and can therefore be considered as a benchmark problem. Here, the
discretization is conducted with the FEM and thus local shape functions only,
for reasons discussed in the previous section. However, the obtained results
will be compared to the results presented in [63] in the next section and are
in good agreement.
3.3.1 Modeling details
The plate with a rectangular hole is shown in Fig. 3.3, a) and the plate with
circular hole in Fig. 3.3, b). The basis structure, here a plate, and the mod-
ification, in this case a rectangular or circular hole, are discretized using the
FEM yielding the mass and stiffness matrices of the basis structure and the
modification. The applicability of the EMM does not depend on the type of
elements chosen for the discretization, however, the discretization will be con-
ducted with 3D isoparametric elements with quadratic shape functions here.
Their formulation can e.g. be found in [68] as well as the general formulation
of mass and stiffness matrices for this type of elements. The calculation of
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Figure 3.3: a) Rectangular plate with a rectangular hole. b) Rectangular plate
with a circular hole.
mass and stiffness matrices of the plate with hole is then conducted using
the approach described in section 3.1.2. Since local shape functions are used
for the formulation of these elements, the entries of the coordinate coupling
matrix S are given by local shape functions U locj (ξi, ηi, τi), V
loc
j (ξi, ηi, τi) and
W locj (ξi, ηi, τi) evaluated at local element coordinates ξi in x-direction, ηi in y-
direction and τi in z-direction (if a cartesian coordinate system is used). Thus
for each node in the mesh of the modification it is necessary to determine the
element in the mesh of the basis structure where the node is placed and to
determine the local coordinates from the global position xi of the node. In
general, it could be an elaborate procedure to determine the element in which
the modification’s node is placed, e.g. if different kinds of elements were used
in one mesh. However, for the rectangular plate presented here, a mesh is used
which consists only of bricks with edge angles of 90o shown in Fig. 3.4, a),
which makes it very easy to determine the element belonging to the consid-
ered hole node at position xi. The second important point is to determine
the local coordinates ξi, ηi and τi from the position xi of the actual node.
Depending on the choice of the element type used to mesh the body (e.g.
plate elements), their shape and the local coordinate system used, this might
require additional calculations. Nevertheless, the utilization of isoparametric
elements, which use (local) shape functions not only to describe displacements
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Figure 3.4: a) Finite element mesh of the rectangular plate. The mesh of the
rectangular hole has the same configuration. b) Mesh of the circular hole.
but also to describe their geometry, simplifies the matter greatly [68]. The
relationship between local coordinates ξi, ηi and τi and global coordinates x, y




for the x-direction and analogously for the other two directions. The coeffi-
cients ak are functions of the considered element’s node positions, which are
known due to the considerations presented above and can be calculated us-
ing an approach presented in [68]. For many of the well-established (solid)
isoparametric elements, e.g. the 8-node brick with linear shape functions or
the 20-node brick with quadratic ones, the coefficients ak can be derived ana-
lytically, thus making it unnecessary to determine the local coordinates from
the global ones numerically, which is less efficient. The determination of the
local coordinates ξi, ηi and τi resulting from the node position xi allows for a
very quick assembly of the coordinate coupling matrix S. This yields a very
efficient calculation of the mass and stiffness matrices of the plate with hole.
Nevertheless, it should be kept in mind that the assembly of the matrix S
based on the conversion of global to local coordinates using the shape func-
tions of the isoparametric elements could introduce modeling errors, if the
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elements are distorted.
In the next section, a detailed convergence study of the rectangular plate
with a rectangular or circular hole is presented to demonstrate the accuracy
and efficiency of the method. As a measure for the convergence of the ap-
proach, the first six non-zero eigenfrequencies are computed.
3.3.2 Convergence study
Four cases of a free-free rectangular plate with a hole (see Fig. 3.3) will be
considered. The cases are presented in Tab. 3.4 and differ with respect to the
geometry of the hole (rectangular or circular) and the position of the hole’s
midpoint (in the middle of the plate or at an edge). The common dimensions
Case Hole configuration xm ym
1 rectangular (lx = 0.25m, ly = 0.25m) 0.5m 0.5m





3 circular (r = 0.25m) 0.5m 0.5m





Table 3.4: Studied settings of the rectangular plate with a hole.
and parameters of the studied plates with a thickness of 0.01m are given
in Tab. 3.5. The convergence study is performed calculating the first six
a = 1 m E = 206000 MPa ρ = 7850 kg/m3
b = 1 m ν = 0.3 κ = 0
Table 3.5: Common dimensions and parameters of the analyzed plates.
non-zero eigenfrequencies of the four cases with the EMM and with Abaqus
with extremely fine meshes with approximately 470000 DOF consisting of 20-
node brick elements of quadratic shape function order (C3D20 in Abaqus
terminology) serving as a reference solution. In Figs. 3.5 to 3.8, the relative
error of the first and sixth natural frequency for all four cases is plotted versus
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the number of DOF either in the hole’s or in the plate’s mesh. The calculated
reference values are given in the captions. The number of DOF in the






















Figure 3.5: Convergence of the first and sixth eigenfrequency of case 1. a) 54009
DOF in the plate mesh, varying DOF in the hole mesh. b) 19809 DOF in the
hole mesh, varying DOF in the plate mesh. The reference eigenfrequencies are
31,10 Hz and 140,15 Hz, respectively.
plate’s mesh is kept constant in parts a), while in parts b) the number of
DOF in the hole’s mesh is constant. The minimal number of DOF in the base
mesh corresponds to 5 elements in each direction and the maximum number
to 50 elements. The characteristic side length of the plate’s elements therefore
varies between 0.2 · a and 0.02 · a. It lies in the same range for the holes. The
error for the first eigenfrequency is shown as a (red) dashed line, while the
error for the sixth one is shown as (blue) solid line. As can be seen, the
eigenfrequencies calculated with the EMM rapidly converge to the reference
values for both the varying number of plate DOF and the hole DOF for all
considered cases. The calculated results for the other four eigenfrequencies
are not presented, but show exactly the same convergence behavior. It can be
concluded that it is not necessary to use a high number of DOF in the hole’s
mesh for a certain required precision, but for the plate a much finer grid has to
be used. The reason for this is that first the convergence of the plate without
a hole has to be ensured by a proper choice of DOF before the hole can be
inserted. This can be seen as a rather general guideline. Still, before using the
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Figure 3.6: Convergence of the first and sixth eigenfrequency of case 2. a) 54009
DOF in the plate mesh, varying DOF in the hole mesh. b) 19809 DOF in the
hole mesh, varying DOF in the plate mesh. The reference eigenfrequencies are
31,79 Hz and 142,75 Hz, respectively.























Figure 3.7: Convergence of the first and sixth eigenfrequency of case 3. a) 54009
DOF in the plate mesh, varying DOF in the hole mesh. b) 12609 DOF in the
hole mesh, varying DOF in the plate mesh. The reference eigenfrequencies are
31,63 Hz and 145,34 Hz, respectively.
method e.g. in optimization problems, it is necessary to check the achieved
convergence.
The results presented for the holes in the middle of the rectangular plate
(case 1 and 3) are compared to results reported by Kwak et al. [63], calcu-
lated using the independent coordinate coupling method (ICCM) introduced
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Figure 3.8: Convergence of the first and sixth eigenfrequency of case 4. a) 54009
DOF in the plate mesh, varying DOF in the hole mesh. b) 12609 DOF in the
hole mesh, varying DOF in the plate mesh. The reference eigenfrequencies are
32,17 Hz and 144,03 Hz, respectively.
in their paper. The comparison is shown in Tab. 3.6. The results of the ICCM
C1 ref. sol. C1 EMM C1 ICCM C3 ref. sol. C3 EMM C3 ICCM
31.10 31.12 32 31.63 31.68 31
44.67 44.67 45 45.57 45.55 44
54.78 54.83 57 55.87 55.86 56
84.58 84.61 85 84.78 85.03 82
84.58 84.61 85 84.78 85.03 82
140.15 140.07 149 145.34 145.34 137
Table 3.6: Comparison between the first six non-zero eigenfrequencies (Hz) calcu-
lated using the EMM and the ICCM presented in [63]. Also, a reference solution
calculated in Abaqus is given. Case 1 (C1) and case 3 (C3) are considered.
have been taken from Figs. 10 and 14 presented in [63] in the highest possible
observational accuracy, while the results of the EMM have been calculated
using 20-node brick elements and 54009 degrees of freedom in the basis struc-
ture and 12609 degrees of freedom in the hole’s mesh. The results are in good
agreement, however, it should be kept in mind that the results in [63] were
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obtained based on Kirchhoff plate theory while the results presented here
were obtained using FE meshes with solid isoparametric elements.
On the one hand, the four discussed settings have been chosen to demon-
strate that the EMM can not only be applied when meshes for basis structure
and modification are similar, as in the rectangular plate with rectangular hole
cases, but also when they differ in shape. On the other hand, it is shown that
it is not necessary that nodes of the modification’s mesh directly overlap the
basis structure’s nodes, which allows for the usage of non-matching meshes.
It can also be seen that the eigenfrequencies calculated with the EMM do
not represent upper bounds for the real eigenfrequencies, as would be the
case using the well known standard Ritz method. This has been expected,
since it has also been observed in the case of the inhomogeneous bar stud-
ied previously. Two interesting observations can additionally be made. The
first remarkable point is that the rapid convergence of the method is par-
tially caused by the fact that the allocation of the coordinate coupling matrix
S is exact, since the mesh of the rectangular plate solely consists of regu-
lar bricks with edge angles of 90o making the transformation between global
node coordinates of the hole to local coordinates of the plate element error-
less. Consequently, this means that for a mesh with more distorted elements
a slower convergence might be expected. The second observation is that most
of the CPU time necessary to compute the eigenfrequencies with the EMM is
needed for the solution of the eigenvalue problem and not for the allocation of
the mass and stiffness matrices of the assembled rectangular plate with a hole.
For the computation of the results presented here, the Matlab function ’eigs’
has been used to solve the eigenvalue problem and this took at least 80 % of
the CPU time. Concluding, the assembly of the mass and stiffness matrices
of the system can be considered as very efficient with the EMM. This strongly
encourages the use of this approach in structural optimization problems re-
garding global properties like frequencies, where the modifications are not too
complex. In the next section, the application of the method to the modelling
of automotive and bicycle brake discs is discussed.
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3.4 Application to brake discs
The EMM will be used as a basis for the structural optimization of brake discs
in all design settings studied in this thesis, except for the case of a complex
bicycle brake disc. For this case, the modelling technique differs, as will be
discussed in more detail in section 4.5. The studied designs originate from
applications of the automotive industry and the bicycle industry and are of
varying complexity. First, an optimization of an automotive brake disc with
N radial holes is presented in section 4.2, which represents a first, rather
academic example, still giving useful insights. A schematic drawing of it is


















Figure 3.9: a) Cross section of the automotive brake disc with radial holes. b) Top
view on the brake disc, two radial holes are shown exemplarily.
The rotor is assumed to be fixed at the inner radius across the complete
thickness, where the term fixed refers to displacement and rotational DOF set
to zero. The hat of the brake rotor is not modelled explicitly. It is not consid-
ered in the optimization, since changes in the geometry of the friction rings
of the rotor are mainly intended to change the bending behavior of the rotor,
which is hardly influenced by the hat, at least as long as the dimensions of the
hat are small. In general, the hat can significantly influence the vibrational
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behavior of the brake disc [8], therefore, a short justification for this modelling
aspect follows in section 4.2.3. In Fig. 3.9, a), the cross section of the disc
with radial holes is shown with an inner radius ri, an outer radius ra and a
thickness h. The disc is assumed to have a modulus of elasticity E, a density
ρ and Poisson’s ratio ν, the holes of depth dhn are inserted using the EMM
with negative material parameters E = −E and ρ = −ρ. The top view on
the disc is given in Fig. 3.9, b), where two radial holes are shown exemplarily
with depths dh1 and d
h
2 and angles ϕ1 and ϕ2. In the optimization, the depth
and angle of each hole is varied, while the radius rh of the holes is predefined.
The holes are drilled into the disc in such a way that their midpoints lie in the
midplane of the disc. This model of a brake disc was optimized because it can
readily be manufactured in a machine shop and is therefore highly suitable for
the generation of test samples, however, it can only be a crude approximation
of realistic brake discs with cooling channels.
A more realistic model of a brake disc with cooling channels is therefore


















Figure 3.10: a) Cross section of the automotive brake disc with cooling channels.
b) Top view on the brake disc, two cooling ribs are shown exemplarily.
ribs placed between the two friction rings and also connecting them. The
cooling ribs are inserted into the clearance between the friction rings with
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positive material parameters. The clearance is modeled as material with a
very low density ρ˜ and elastic modulus E˜, all other modeling assumptions
and basic parameters and dimensions are the same as for the disc with radial
holes. The angular and radial position of the cooling ribs will be varied in
the optimization. Two angles ϕ1 and ϕ2 and two radii r1 and r2 are shown in
Fig. 3.10, b), respectively. Each friction ring has a thickness of hf , a modulus
of elasticity E and a density ρ as well as the cooling ribs, which have a
thickness of hc, the length lc and the width bc. The cooling ribs are all assumed
to be of the same, constant shape. It would be possible to vary the shape
of the cooling ribs also, but as will be shown in section 4.3, the optimization
goal can be reached and even exceeded without this additional variation of
the design parameters. The rotor is assumed to be simply-supported1 at the
inner lower ring, therefore, the hat of the brake rotor is not modeled explicitly,
as was also the case for the disc with radial holes.
Not only automotive brake discs will be studied and optimized, but also
bicycle brake discs. The design of bicycle brake discs is completely different
from automotive ones as can be seen in Fig. 3.11, a), where a state-of-the-
art bicycle brake disc of a major German manufacturer is shown. These
brake discs are far smaller, thinner and lighter than automotive ones and
normally manufactured of stainless, martensitic steel instead of cast iron. In
the first optimization step, a simplified brake disc without the bars connecting
the hub and the friction ring will be optimized by variation of the radial
and angular position of axial holes drilled into the friction ring. For bicycle
applications, these holes are intended to decrease the weight of the disc and
can be found in all state-of-the-art brake discs with varying compositions.
The friction ring is assumed to have free-free boundary conditions allowing
to optimize the bending modes of the disc. A top view on the friction ring is
shown in Fig. 3.11, b), where two holes with radial positions r1 and r2 and
angular positions ϕ1 and ϕ2 are shown. Linear-elastic material with E, ρ
and ν is assumed and the holes are inserted using the EMM with negative
material parameters E = −E and ρ = −ρ. The thickness is denoted as
1In this thesis, the term simply-supported refers to fixed displacement DOF and rotational
DOF that are not limited.
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Figure 3.11: a) Steel bicycle brake disc of a major German brand. b) Top view on
the friction ring of a bicycle brake disc, two axial holes are shown exemplarily.
h as in the case for the automotive brake discs and each hole is assumed
to have a fixed radius rh. A more realistic model of a bicycle brake disc
is then introduced in paragraph 4.5.2. In the next chapter, the structural
optimization of automotive as well as bicycle brake discs will be introduced
and discussed in detail based on the modeling presented in this section.
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and bicycle brake discs
In this chapter, an optimization of automotive as well as bicycle brake discs is
presented with the goal to split their eigenfrequencies in order to avoid brake
squeal. First, a short and concise overview over structural optimization in
general is given to introduce the main concepts and optimization algorithms.
Then, as a first example, the optimization of an automotive brake rotor with
radial holes is shown starting with the statement of the optimization prob-
lem and its solution followed by test results obtained with a prototype disc
manufactured in the final optimized design. It is demonstrated that the op-
timization goals have been achieved in theory and practice with a complete
avoidance of brake squeal. Since the brake disc with radial holes is not a real-
istic case for practical applications in the automotive industry, a brake rotor
with cooling channels has been optimized as a further step. Two different
optimization approaches have been used, a deterministic mathematical pro-
gramming approach and a heuristic evolutionary one. They are compared to
each other and both deliver very satisfying results. However, brake squeal is
not limited to the automotive case but also occurs in bicycle applications. A
first introductory example of a bicycle brake disc optimization highlights the
fact that the freedom in the design of potentially squeal-free bicycle brakes is
required to be higher than in the case of automotive brake discs. This is con-
sidered in the optimization of the realistic bicycle brake rotor presented in the
last part. Three optimized brake discs and two reference ones were tested on a
bicycle test rig. Even though none of these designs could reach the theoretical
limit of eigenfrequency separation to be completely squeal free, a significant
improvement of squeal affinity has been achieved. This is demonstrated by a
comparison to a commercially available brake rotor.
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4.1 A short introduction to structural
optimization
As has been shown in chapter 2, it is necessary to split the eigenfrequencies
of the nonrotating brake rotor by a defined value in a certain frequency band
to ensure a stable operating condition of the brake rotor in frictional contact
and thus to avoid brake squeal. This goal can be achieved by a variation of
the brake rotor’s geometry leading to a structural optimization problem which










where fk are the eigenfrequencies of the rotor and pn the parameters varied
during the optimization, e.g. the radial or angular position of cooling ribs
(see section 4.3). While the inequality constraints c(p) can either be linear
or nonlinear and result from limits of the optimization variables or minimal
and maximal distance constraints, the equality constraints ceq(p) are always
nonlinear, representing the balance requirement of the rotor ensuring a safe
and proper operation on a vehicle. This optimization problem is highly non-
linear, nonconvex, with linear and nonlinear constraints and has been shown
to exhibit many local optima [108] making its numerical solution elaborate.
This is complicated further by the fact that the evaluation of the objective
function requires the solution of the eigenvalue problem, which is expensive
if the system is modeled with many DOF, as is the case here. Nevertheless,
there are structural optimization approaches and algorithms that can deal
with this kind of problem.
An overview over the topic of structural optimization can be found in
[37, 95, 96]. Most structural optimization problems are in fact nonlinear. A
more general overview of these optimization problems can be found in [7].
Frequently, structural optimization is divided into sizing, shape and topol-
ogy optimization. While sizing only allows the variation of some predefined
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dimensions of a product, shape optimization allows more freedom in the de-
sign of the geometry by a more flexible (and changeable) parametrization of
the boundaries [47, 62]. This additional freedom is very beneficial, however,
special care is to be taken to properly select and combine the geometry repre-
sentation and the analysis method, which is in most cases the FEM [96,101].
Also, during the optimization, FE meshes have to be deformed or remeshing
has to be conducted [120,135]. Finally, topology optimization allows the max-
imum amount of freedom in the design space by a possible change even in the
topology of a structure [95, 96]. Some topology optimization approaches are
discussed in [14,37,130,136]. However, frequently it is desired to enable large
changes in the geometry with a detailed description of the boundaries, which
cannot directly be achieved with topology optimization. Therefore, level set
methods for this kind of structural optimization have been proposed, which
combine advantages of topology and shape optimimzation [71, 127–129, 131].
They allow for large geometry changes and changes in the topology but can be
elaborate to use and can lead to frequent, ineffective remeshing of the struc-
ture if the FEM is used as analysis method. In the optimization problems
dealt with in this thesis, large geometry changes are required while the topol-
ogy is kept untouched. Thus, an easier modeling method has been applied,
which has been presented in detail in chapter 3.
Often, the nonlinear optimization problems underlying shape or topol-
ogy optimization are solved with mathematical programming algorithms [37],
which use linear or quadratic approximations of the objective function and
nonlinear constraints in the solution process [7]. One of the most common
methods nowadays is the sequential quadratic programming (SQP) method
[10,97], which uses a series of quadratic approximations of the objective func-
tion and linear approximations of the nonlinear constraints to find a local
optimum of the optimization problem. There are many other mathematical
programming methods available, like the successive approximation method
[10,104] or interior-point algorithms; an initial overview is given in [7]. These
methods are known to be efficient for problems which do not exhibit many lo-
cal optima, especially if it is possible to derive design sensitivities analytically
or at least semi-analytically [13,120]. They are of local character, converging
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only to local optima for most nonlinear optimization problems, and thus their
performance might be poor for problems with many local optima and for non-
continuous ones [118]. The problem to be addressed in this thesis, Eq. (4.1),
exhibits many local optima. Nevertheless, it is possible to successfully apply
mathematical programming algorithms for its solution, as will be shown in the
following sections. As an alternative to mathematical programming methods,
heuristic approaches are proposed in the context of structural optimization,
which are known to have the potential to approach the global optimum. A first
overview in very short form can be found in [7,37]. Nature inspired heuristics
reach from well-known evolutionary strategies [93], genetic algorithms [4, 64]
and simulated annealing [16] over particle swarm [29,56,132] and firefly [31,76]
algorithms to the so-called harmony search algorithm [65,72], just to name a
few. All have in common that they are of rather global character and that
they do not require design sensitivities or gradients for their operation. De-
spite these advantages, they are known to be computationally demanding. As
will be shown in section 4.3.2, a genetic algorithm (GA) has been successfully
applied for the optimization of an automotive brake disc with cooling chan-
nels. It is satisfactorily used for the optimization of a realistic bicycle brake
disc as well, which is discussed in chapter 4.5.3.
This introduction into structural optimization has been quite general so far.
There are, however, also many publications dealing with the optimization
of structures to change their eigenvalues and eigenfrequencies, a review is
presented in [33]. The objective in this thesis is to split all eigenfrequencies
of a structure in a certain frequency range, still, most publications in this
field only deal with the modification of the first eigenfrequency or the gap
between the first two [129–131,136]. The manipulation of eigenfrequencies in
the context of structural optimization by geometry variation can be seen as
an inverse problem to assign the imaginary eigenvalues of a structure by mass
and stiffness variations. This problem has been discussed in [87] considering
examples with few DOF and is shown to be nontrivial, which also hints to the
complexity of the presented optimization problem.
In the following, the optimization of automotive and bicycle brake discs is
presented. Before the details are explained in each section, the basic approach
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is briefly introduced here, which is similar for all applications. It consists of
three parts, as is shown in the flowchart given in Fig. 4.1. First, in part A,
random initial configurations are generated, which are optimized with contin-
uous algorithms in parallel in part B. The latter step is also the by far most
time-consuming one. Three types of algorithms are chosen for this continuous
optimization, either an interior-point, sequential quadratic programming or
genetic algorithm. Afterwards, in part C, a check is conducted whether the
found results are local optima or can still be enhanced by further optimiza-
tion. This part is included in the algorithm implementations used, however,
it is separately listed. This is due to the fact that for the optimization of
realistic bicycle brake discs (presented in the last section of this chapter), the
continuous optimization with a global genetic algorithm is followed by a con-
tinuous local search to enhance the found results further. This helps to reduce
the runtime of the continuous GA. Also, the generation of random initial con-
figurations is followed by a discrete optimization in this case to increase the
distances between the eigenfrequencies of the initial rotor configurations up
to a certain level before the more complex continuous optimization starts.
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Optimization with continuous SQP 
(realistic bicycle brake discs only) 
Local optimum?
Stop
Optimization with           
continuous algorithm
Optimization with discrete GA 
(realistic bicycle brake discs only)







Figure 4.1: Flowchart illustrating the optimization approaches presented in this
chapter.
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4.2 Automotive brake disc with radial holes
As a first step, the optimization of an academic automotive brake disc with
radial holes has been conducted. The intention has been to find an optimized
design exhibiting the necessary grade of modal asymmetry to inhibit squeal
and which can readily be manufactured in a machine shop. A prototype can
thus be generated easily and be tested on a test bench. Therefore also, the
material has been chosen to be steel instead of the common cast iron.
4.2.1 Optimization approach
The optimization goal to split all eigenfrequencies up to a limit frequency flim







dhmin ≤ dhn ≤ dhmax
0 ≤ ϕn ≤ 2π
ϕ1 < ϕ2 < . . . < ϕN
ceq(dhn, ϕn) = 0 (2 balance constraints)
c(dhn, ϕn) ≤ 0 (N min. distance constraints),
(4.2)
if the angular positions ϕn and drilling depths dhn are varied while the radius
rh and number N of the holes is kept constant. The upper and lower bounds
on the drilling depths are dhmin and d
h
max, respectively. The parameters of the
brake disc considered in this section are presented in Tab. 4.1 and represent a
disc whose geometry fits to the brake test rig available at TU Darmstadt. A
top view on the disc with the holes to be optimized is shown in Fig. 3.9, b).
The two scalar balance constraints can easily be formulated since the disc
is assumed to be homogeneous, all holes have the same constant diameter and
are drilled into the disc such that their midpoints lie in the midplane of the
disc. As can be seen in Fig. 4.2, each inserted hole generates an inertia force
Ffn with the disc rotating at a constant rotational speed Ω. This leads to the
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E = 210000MPa N = 18
ν = 0.3 rp = 0.14 m
ρ = 7850 kg/m3 µ = 0.4
ri = 0.076 m k = 1.1 · 106 N/m
ra = 0.162 m mminG = 1.67 kg
h = 0.026 m αM = 0.184 s
rh = 0.008 m αS = 2 · 10−10 1/s





















Figure 4.2: a) Inertia forces created by the unbalance introduced by the drilling
of the holes. b) Radii rcn and r
c
n+1 from the midpoint of the disc to the center of
mass of two holes.
balance constraint in vector notation given by∑
n












4.2 Automotive brake disc with radial holes
volume V hn of each hole is








under consideration of the tip of the hole with a tip angle of 118o. This also


















Inserting Eqs. (4.4) to (4.6) into Eq. (4.3), cancelling ρ and Ω and projecting
the result onto x- and y-direction leads to the nonlinear balance constraints
ceq1 (d
h


















of all holes and therefore represent the projection of the eccentricity of the
brake disc onto x- and y-direction. For a perfect statical and dynamical
balance, these constraints would be required to be zero, however, for the
optimization a bound evio is set on the violation of this constraints to achieve
reasonable results. Since the x-y-plane (z = 0) is a plane of symmetry of the
disc (with and also without holes), the axis of rotation (z-axis) automatically
is a principal axis of inertia.
The N nonlinear minimal distance constraints cn are intended to inhibit the
overlapping of holes. The minimal distance between two holes is given by an




n, ϕn) = ∆ϕmin − ϕn+1 + ϕn + arctan
rh√
r2a − r2h − dhn+1
+ arctan
rh√
r2a − r2h − dhn
.
(4.8)
Due to the fact that the hole depths can vary largely, it is necessary to write
these constraints in a nonlinear form despite the fact that this makes the opti-
mization problem more difficult and elaborate to solve. For the optimization
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Figure 4.3: Zoom on two holes drilled into the disc to determine the minimal dis-
tance ∆ϕmin between two holes.
of cooling channels it is possible to write the distance constraints in a more
beneficial linear form, as will be shown in section 4.3.1.
The FE meshes for the discretization of the model were generated using
Abaqus with 3D solid isoparametric elements of quadratic shape function
order (C3D20), where the disc has 16506 DOF and the holes have between
387 and 1719 DOF, depending on their depth dhn. This choice of the number
of degrees of freedom offers a good compromise between convergence and
runtime of the optimization process, which is significant in this case (see
below). The parameter κ (see Eq. (3.26)) was set equal to zero. In order
to avoid very fine meshing of the tip of the holes, the tip in the model is
replaced by a length correction of the holes’ cylinder, conserving the volume
of the hole. The grade of modal asymmetry that has to be achieved during
the optimization is a split between the eigenfrequencies of 50 Hz estimated
with Eq. (2.20), using the parameters given in Tab. 4.1. Despite the fact
that the limit frequency is 9100 Hz, the optimization considers the first 25
eigenfrequencies of the structure up to 14000 Hz. This is reasonable, since the
measured eigenfrequencies will be considerably lower than the optimized ones
due to the assumption of a fixed inner ring in the model, as will be shown
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in section 4.2.3. The physical parameters for the optimization are presented
in Tab. 4.2. The choice of evio = 0.001 m corresponds to an inertia force of
dhmin = 0.005 m ∆ϕmin = 5
o
dhmax = 0.075 m evio = 0.001 m
Table 4.2: Parameters for the optimization of the brake disc with radial holes.
approximately 10 N at a vehicle speed of 200 km/h, which is assumed to be
tolerable. Also, a violation of the minimal angle ∆ϕmin between two holes of
0.001 rad is accepted during the optimization.
An interior-point algorithm provided by the Matlab Optimizaton Tool-
box was chosen to solve the optimization problem, which is able to target
local optima of the nonlinear, nonconvex objective function [7]. In order to
increase the possibility to achieve satisfying results, which are results with
a split between the eigenfrequencies larger than 50 Hz, 12 randomly gener-
ated starting configurations were optimized in parallel. In order to avoid very
long runtimes, each optimization was stopped in the iteration after reaching
5000 evaluations of the objective function. A solution was treated as a local
optimum if the change in the objective function between the last two itera-
tions was below 10−12, the size of the last step below 10−8 and the nonlinear
constraints where satisfied to the limits given above1.
A comparison between the maximum minimal distances between the eigen-
frequencies obtained in the 12 optimization runs is shown in Fig. 4.4, a).
The dashed, red line shows the limit of 50 Hz above which the solutions are
treated as satisfying exhibiting the necessary grade of modal asymmetry to
avoid squeal. It can be seen that nine of twelve optimization runs lead to
a minimal separation between the eigenfrequencies larger than the necessary
split and three of them have a split larger than 70 Hz. The best configuration
exhibits 73,6 Hz separation and is shown in Fig. 4.4, b) together with its start-
ing configuration. Large changes in the geometry were necessary to realize this
optimum, which could successfully be achieved using the EMM as modeling
1All three conditions hold simultaneously.
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Figure 4.4: a) Comparison of the maximum minimal distance between the eigen-
frequencies of the twelve optimization approaches. b) Hole configuration of the
best optimized result (solid, blue line) and the starting configuration (dashed, red
line).
method. The best result was reached after 5045 function evaluations, which
is at the predefined limit. The algorithm was stopped prematurely, but since
the changes in the objective function were very small in the last iterations, it
was assumed that a local optimum had been found. The runtime cumulated
up to about two weeks for all 12 optimization runs on a Intel Xeon system
with two X5650 processors and 24 GB RAM. The optimized eigenfrequency
distribution of the best result is shown in Fig. 4.5, a) and it can be seen
that the basic distribution did hardly change during the optimization with
respect to the distribution of the starting configuration. Nevertheless, the
distances between the eigenfrequencies have been increased reasonably as is
demonstrated in Fig. 4.5, b). The smallest minimal distances achieved are all
at the lowest eigenfrequencies, additionally there are at least four distances
with nearly exactly the same magnitude. The success of the optimization be-
comes even more pronounced if the distances of the best optimized results are
compared to the distances between the eigenfrequencies of a full, symmetric
disc without holes, as is shown in Fig. 4.6, a). The full disc has many double
eigenfrequencies due to its geometric symmetry, while the optimized one has
a high grade of modal asymmetry.
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Figure 4.5: a) Eigenfrequency distribution of the best optimized result (solid, blue
line, circular markers) and the corresponding starting configuration (dashed, red
line, square markers). Both distributions are nearly congruent. b) Distances
between the eigenfrequencies for the best result (solid, blue line, circular markers)
and its starting configuration (dashed, red line, square markers). The y-axis is in
logarithmic scale.
























Figure 4.6: a) Distances between the eigenfrequencies of the best found configura-
tion (solid, blue line, circular markers) and the full disc (dashed, red line, square
markers). b) Distances between the eigenfrequencies of the rounded (solid, blue
line, circular marker) and the exact (dashed, red line, square markers) best con-
figuration. The y-axis is in logarthmic scale.
Still, the robustness of the solution could be in doubt under consideration
of manufacturing inaccuracies. In order to assess this issue, the best opti-
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mization result was rounded to one degree in the angular position and one
millimeter in drilling depth and the resulting distances were calculated again.
The chosen angular and radial precision was a worst case assumption on the
precision of the machine shop’s process of manufacturing the prototype and
is equivalent to a maximum change in the optimization parameters dhn and ϕn
of 6%. The distances of the rounded configuration are shown in comparison
to the values resulting from the exact configuration in Fig. 4.6, b). The four
smallest distances between the eigenfrequencies do not change more than 4%
due to the rounding process, which reflects the robustness of the obtained so-
lution against manufacturing uncertainties. A consideration of uncertainties
in the parameters could be taken into account during the optimization, pos-
sibly leading to an even increased robustness. However, the achieved result
was considered to be satisfying in this respect. Furthermore, the evaluation
of the objective function is considered to be too expensive to allow for an
optimization under uncertainties. For tests on the brake test bench at TU
Darmstadt, the optimized disc and a full disc without holes as a reference
were manufactured using S235JR steel.
4.2.2 Test results
Two types of tests were performed with the two prototype discs, originally
presented in the Bachelor thesis [57]. First, a modal analysis to check the
distances between the eigenfrequencies and therefore validate the optimization
results. Second, a squeal test to determine the achieved reduction in squeal
affinity of the optimized brake rotor. The test rig is shown in Fig. 4.7 with
the optimized brake rotor attached. In Fig. 4.7, a), a front view on the test
rig is shown. The bench contains an original car suspension, where fixation
of the brake disc is guaranteed by an adaptor instead of a rim. This allows
measurements with the laser vibrometer on the complete surface of the disc.
Also, it can be seen that the caliper is attached to the test rig. This allows for
the application of adjustable brake pressure during squeal tests; the caliper
is detached from the test rig during modal analysis tests. While during the
latter tests the disc is not rotating, it is driven by an electrical motor for squeal
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a) b)
Figure 4.7: a) Front view and b) top view on the brake test bench.
tests, the rotational speed being adjustable. The shaft from the engine to the
disc can be seen in a top view on the test bench presented in Fig. 4.7, b).
From this perspective also the holes drilled into the disc in its midplane can
be seen, with varying angles between them and different drilling depths.
The surface velocity of points on the rotor is measured by a Polytec laser
vibrometer with a PSV-400 scanning head in the modal as well as in the
squeal analysis test case. The disc is excited by hammer impulses at a point
at the backside of the disc for the modal analysis shown here and the transfer
function between the velocity signal of the laser vibrometer and the force
transducer of the modal hammer is calculated. An Hanning window is used
in the evaluation of the vibrometer signals to avoid leakage effects. This is not
necessary for the force signal of the hammer. A regularly spaced grid with 150
measurement points on the surface of the disc is used to enable the recording
of disc eigenmodes up to higher orders. Ten measurements were taken at
each point followed by an averaging of the complex signals, to increase the
reliability of the measurements. The sampling frequency was set to 32 kHz,
which allows a bandwidth of 12.5 kHz in the frequency response spectrum
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using Polytec’s analysis unit. Still, the bandwidth was limited further by
the hammer excitation, as will be shown below. For the modal analysis case,
the resolution of the frequency response spectrum was 1.95 Hz, while it was
3.9 Hz in the squeal test case offering a reasonable accuracy.
Figure 4.8 shows the normalized Fourier-transform of the force transducer
signal of the modal hammer. It can be seen that the signal level crosses -10 dB












Figure 4.8: Normalized spectrum of the force signal of the modal hammer.
at approximately 8 kHz, which is the level up to which the measurements are
assumed to be trustworthy. This limit is strongly influenced by the tip used
on the modal hammer, which was a steel one in this case to increase the limit
as far as possible. Due to this limit, also the transfer function between the
laser vibrometer’s velocity signal and the modal hammer’s force signal, shown
in Fig. 4.9, a), is only evaluated up to 8 kHz, instead of the originally possible
12.5 kHz. For the generation of this figure, the transfer functions of all 150
measurement points are averaged for higher reliability. Figure 4.9, b) shows
the coherence between the velocity and force signal and is close to one at least
at the peaks of the transfer functions mentioned before. A comparison bet-
ween the spectrum of the full, symmetric disc and the optimized one presented
in Fig. 4.9, a) shows that the (visible) eigenfrequencies of the optimized disc
are indeed all split significantly while they are double in the full disc case.
This proves the efficacy of the optimization. Additionally to the generation of
these transfer functions, it is also possible to visualize the operating deflection
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Figure 4.9: a) Transfer function between the velocity signal of the laser vibrome-
ter (measuring the surface velocity) and the force transducer signal of the modal
hammer. Full disc (dashed, red line) and optimized disc (solid, blue line). b) Co-
herence between the laser vibrometer’s velocity signal and the force transducer’s
signal of the modal hammer. Full disc (dashed, red line) and optimized disc (solid,
blue line).
shapes of the brake disc using the Polytec software accompanying the laser
vibrometer. This allows the identification of the eigenmodes of the brake rotor
in a realistic assembly state. In this thesis, the denomination of the bending-
dominated modes of the disc follows Irretier [55], where each mode shape
is labeled as α/β. α represents the number of nodal lines in circumferential
direction and β the number of nodal lines in radial direction. The clearly
identifiable eigenmodes of the full disc and the optimized one are presented
in Tab. 4.3 in conjunction with the corresponding measured eigenfrequencies
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fi and the distances ∆fi between the eigenfrequencies of the optimized brake
rotor. Since all eigenmodes of the symmetric disc are double ones, only one
Eigenmode fi (FD) fi (OD) ∆fi (OD)
2/0 1486 1476 53
1529
3/0 3131 3107 47
3154
4/0 5194 5000 186
5186
5/0 7600 7132 212
7344
Table 4.3: Measured eigenmodes of the full disc (FD) and the optimized one (OD).
measured frequency is given in the table. The conclusion can be drawn that
the optimization to split the eigenfrequencies at least by 50 Hz was successful,
if the missing 3 Hz in the distance of the 3/0 modes are attributed to mea-
surement inaccuracy. In order to complete the discussion on the success of
the optimization from a modal analysis point of view, a note on the difference
between measurements and calculation results follows in section 4.2.3.
The grade of modal asymmetry of the optimized disc should be sufficient to
exclude squeal. Squeal tests were performed at the brake test rig at TU Darm-
stadt to verify (or rebut) this statement. For these tests, the brake pressure
was varied between 1 bar and 15 bar and the rotational frequency between 1
rad/s and 20 rad/s, which is equivalent to a vehicle speed of approximately 1
km/h and 20 km/h. The surface temperature of the brake rotor was measured
before and after each test, it did never rise above 100o Celsius. Using the laser
vibrometer, the velocity amplitude of one point on the surface of the disc was
measured, from which the spectrum during squeal could be determined. As a
result, the spectrum for squeal of the full disc is presented in Fig. 4.10. The
disc did squeal in a broad band of rotational frequencies from 5 rad/s to 15
rad/s but in a more narrow pressure band of 8 bar to 10 bar. The squeal was
80
4.2 Automotive brake disc with radial holes












Figure 4.10: Spectrum of the laser vibrometer’s velocity signal during squeal of
the full, symmetric disc.
always monofrequent with a frequency of 7.6 kHz, which exactly corresponds
to the 5/0 eigenmode of the disc without brake pads. The pads obviously
change the eigenfrequencies of the disc only marginally, which justifies the
modeling assumption to consider the terms originating from the brake pad as
perturbations.
The same squeal test procedure was applied to the optimized brake disc
with 18 holes. The measured surface velocity spectra for the same range
of rotational speed and brake pressure were analyzed. Still, no significant
amplitude in the spectra could be identified, the brake disc did not squeal
under any applied braking condition.
The three following points should be kept in mind concerning the interpre-
tation of these test results. First, the existing test rig at TU Darmstadt does
not allow to change the environmental conditions like air humidity or tempera-
ture during the test, as is possible with more sophisticated test rigs used in
the automotive industry. Second, the tests were performed with constant ro-
tational speed, realistic stops with decreasing speed could not be performed.
And third, wear occuring over the lifetime of a brake disc and especially of the
pad could not be simulated. Despite these three facts, the test results strongly
indicate that the desired split of 50 Hz between the first 25 eigenfrequencies of
the brake disc indeed avoids brake squeal completely. This can be considered
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as a verification of the theory underlying the optimization, which has been
presented in chapter 2. Later, in section 4.5.4, test results with realistic bicy-
cle brake discs will be presented, backing up the experimental findings shown
here for the automotive brake discs with radial holes.
4.2.3 On the choice of boundary conditions for the
optimization
As has been noted in section 3.4, the boundary conditions for the disc to
be optimized were fixed at the inner radius of the disc (across the complete
thickness) and free elsewhere; a hat was not modeled explicitly. This is mo-
tivated by the fact that including the hat of the disc in the modeling would
drastically increase the number of DOF due to the rather complex geometry
of this thin design feature. And since an increase in the number of DOF leads
to a disproportionate increase in the computational time required to solve
the eigenvalue problem, which accounts for most of the CPU time required
in the optimization, this is very undesired. Of course, the manufactured pro-
totype has a small hat for fixation on the test bench (see Fig. 4.7, b)) and
therefore the boundary conditions at the inner rim of the disc do not match
the model’s ones exactly. Thus, the first measured eigenfrequencies are sig-
nificantly lower than the calculated ones, as is shown by the comparison of
calculated and measured eigenfrequencies of the optimized disc presented in
Tab. 4.4. However, three additional observations can be made. The first is
that the higher eigenfrequencies are very closely approximated by the model
(without hat and fixed inner ring), which matches the expectations [35]. The
second is that the differences between the eigenfrequencies are lower in the
measurements than in the model, however, they are still in the range of the
goal of 50 Hz. The last is that also the tendency is correct: The smallest
differences in the eigenfrequencies occur at the low eigenfrequencies in the
model as well as in the measurements. As a conclusion, it is assumed in this
thesis that it is acceptable not to model the hat explicitly but to use appro-
priate boundary conditions. Thus, the hat will also not be modeled explicitly
for the optimization of the more realistic brake rotor with cooling channels
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Eigenmode fi (F) ∆fi (F) fi (H) ∆fi (H)
2/0 2779 74 1476 53
2853 1529
3/0 3795 74 3107 47
3869 3154
4/0 5287 117 5000 186
5404 5186
5/0 7275 124 7132 212
7399 7344
Table 4.4: Eigenfrequencies fi and corresponding distances between the eigenfre-
quencies ∆fi of the optimized 18 hole disc. Calculations with fixed inner rim and
without hat (F) and measurements with a hat (H).
presented in the next section. This brake rotor is smaller, lighter and has a
less stiff hat, as the geometry resembles a series brake disc of a major German
car manufacturer. Since the hat is less stiff than in the case presented above,
the boundary conditions are changed to a simply supported inner ring (and a
free outer one).
4.3 Automotive brake disc with cooling
channels
In this section a structural optimization of a cast iron brake rotor with cooling
channels is presented. This type of brake rotors is widely used in the auto-
motive industry. Using the parameters presented in Tab. 4.5, the minimal
necessary distance between the eigenfrequencies of the disc can be estimated
to be approximately 50 Hz and the limit frequency above which the system
does not squeal is 9 kHz. For the estimation of this limit frequency very low
damping parameters are used since no measurement data is available and the
estimate is intended to be conservative.
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E = 140000MPa hc = 0.009 m
ν = 0.25 bc = 0.0065 m
ρ = 7200 kg/m3 rp = 0.125 m
ri = 0.079 m µ = 0.4
ra = 0.138 m k = 1.1 · 106 N/m
h = 0.026 m mminG = 1.81 kg
hf = 0.0085 m αM = 0.184 s
lc = 0.043 m αS = 2 · 10−10 1/s
Table 4.5: Parameters of the automotive brake disc with cooling channels.
4.3.1 Optimization approach
The layout of the cooling channels of the considered automotive brake disc is
to be optimized. Therefore, the radial position rn and the angle ϕn of each
of the N cooling ribs is varied, while their shape (lc and bc) is kept constant.
In Fig. 3.10, b), two cooling ribs are shown exemplarily, one at an angle ϕ1
and radius r1 and the other with an angle ϕ2 and radius r2. The parameters
of the brake disc are presented in Table 4.5. The optimization problem to
split all eigenfrequencies fk of the rotor up to a limit frequency of flim (here







rmin ≤ rn ≤ rmax
0 ≤ ϕn ≤ 2π
ϕ1 < ϕ2 < . . . < ϕN
ϕn − ϕn+1 ≤ −∆ϕmin (min. distance constraints)
ϕn+1 − ϕn ≤ ∆ϕmax (max. distance constraints)
ceq(r, ϕ) = 0 (2 balance constraints),
(4.9)
where rmin and rmax are the minimal and maximal radii of each cooling rib
to keep a minimal distance between cooling rib and inner and outer radius
of the brake disc. ∆ϕmin and ∆ϕmax are the minimal and maximal angles
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between two cooling ribs and thus give the minimal and maximal distances
between them, which have to be kept due to cooling and material strength
requirements. In contrast to the case with radial holes, the maximal and
minimal distance constraints can be written in linear form, since the variation
in radial direction is much smaller. The brake disc has to be statically and
dynamically balanced leading to the nonlinear equality constraints
ceq1 (r, ϕ) =
∑N
n=1 rn cosϕn,




which can easily be derived, since the brake disc’s friction rings and each of
the cooling ribs are assumed to be homogeneous bodies of constant geometry
rotating at a constant angular velocity. These constraints for static balancing
represent the projection of the excentricity of the brake disc induced by the
placement of the cooling ribs onto x-direction (ceq1 ) and y-direction (c
eq
2 ),
respectively. Also, the dynamic balancing is automatically guaranteed due to
the symmetry with respect to the middle plane of the disc.
As has been introduced in section 4.1, the presented optimization problem
is nonconvex and nonlinear with linear and nonlinear constraints and many
local optima to be expected. The brake disc to be optimized is modeled using
the method proposed in chapter 3. The underlying FE meshes of the friction
rings and each cooling rib have been assembled using Abaqus with 3D solid
isoparametric elements of quadratic shape function order (C3D20) leading to
65250 DOF in the friction ring mesh and 4860 DOF for each cooling rib, fulfill-
ing convergence requirements. The parameters of the filling material between
the friction rings were chosen as E˜ = 1.4 MPa and ρ˜ = 1 kg/m3. Since the
limit frequency flim is estimated to be 9 kHz, the first 21 eigenfrequencies
of the brake disc with N = 39 cooling ribs are considered in the calculation.
Solutions are treated as infeasible if one of the constraints ceq1 and c
eq
2 is vio-
lated by an absolute value of 0.005 m. The parameters for the upper and
lower bounds and the linear constraints can be found in Tab. 4.6. Due to the
properties of the optimization problem, deterministic optimization approaches
cannot guarantee the finding of the global optimum, therefore, heuristic algo-
rithms are indicated. In the following, these two types of algorithms will be
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rmin = 0.08 m ∆ϕmin = 4o
rmax = 0.094 m ∆ϕmax = 12o
Table 4.6: Parameters for the optimization.
compared and their performance will be assessed.
4.3.2 Comparison between optimization algorithms
First, a deterministic SQP approach is chosen to solve the optimization prob-
lem. Since SQP procedures are known to be efficient for finding local optima
but unable to guarantee the finding of the global optimum for the problem
class considered here [7], 20 randomly chosen starting points were generated
to increase the probability of finding satisfying solutions. In the context ad-
dressed here, satisfying results mean results that exhibit a minimal separation
of eigenfrequencies of at least 50 Hz in the frequency range up to 9 kHz. The
Matlab Optimization Toolbox provides the SQP implementation used here,
an overview over the results is given in Tab. 4.7. In order to avoid over-long
runtimes, the optimization was stopped in the iteration after reaching 10000
function evaluations, if the algorithm did not find a local optimum before or
ended due to infeasibility. This led to a termination of the algorithm in 6 of 20
cases, all of which leading to feasible solutions and mostly very good results.
Furthermore, 7 of 20 optimization runs led to infeasible configurations. A so-
lution was treated as a local optimum if the change in the objective function
between two optimization iterations was below 10−12, the absolute value of
the step size below 10−8 and the constraints were satisfied (to the limit given
above).
Figure 4.11, a) shows a comparison of the maximum minimal distances
between the eigenfrequencies which could be realized in the 13 feasible op-
timization approaches. A dashed (red) line shows the limit of 50 Hz, above
which the solution is assessed as satisfactory fulfilling the requirement to avoid
squeal. It can be seen that only 7 of the SQP approaches led to good results,
while 13 fail, either because of constraint violation, or a solution exhibiting
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No. No. iter. No. f. eval. Constr. vio. (m) Min. ∆f (Hz) Infeas.
1 10 963 4.1 · 10−3 45.3
2 58 5369 2.6 · 10−2 58.8 x
3 111 10026 2.5 · 10−6 64.5
4 44 4247 1.9 · 10−2 67.2 x
5 16 1633 1.1 · 10−1 67.2 x
6 13 1283 7.7 · 10−3 43.4 x
7 70 6242 3.6 · 10−5 60.6
8 115 10061 5.1 · 10−8 75.8
9 7 649 3.8 · 10−3 42.5
10 33 3589 3.2 · 10−2 57.1 x
11 112 10061 4.7 · 10−8 68.3
12 114 10076 2.4 · 10−8 71.1
13 107 10064 3.7 · 10−7 49.7
14 7 650 3.8 · 10−3 35.8
15 13 1304 4.1 · 10−3 45.3
16 57 5231 1.1 · 10−2 67.9 x
17 20 1779 3.9 · 10−3 58.0
18 117 10042 2.9 · 10−9 73.3
19 14 1391 4.7 · 10−2 43.0 x
20 7 650 3.8 · 10−3 35.8
Table 4.7: Number of iterations, function evaluations, max. violation of con-
straints, minimal difference between the eigenfrequencies ∆f and infeasibility
of the solutions of the 20 SQP optimization approaches.
a separation of eigenfrequencies being too small. In the best case, a minimal
difference between the eigenfrequencies of 75.8 Hz was realized comprising a
very high grade of modal asymmetry. The eigenfrequency distribution of the
best SQP optimization result and its corresponding starting configuration is
given in Fig. 4.11, b), which did not change significantly during the optimiza-
tion. A comparison between the starting configuration’s distances between
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Figure 4.11: a) Maximum minimal distance ∆f between the eigenfrequencies of
the 13 feasible SQP optimization runs. b) Eigenfrequency distribution of the best
result found with the SQP algorithm (solid, blue line, circular markers) and of its
starting configuration (dashed, red line, square markers).
the eigenfrequencies and the optimized configuration’s distances is shown in
Fig. 4.12, a). Clearly, the minimal difference between the eigenfrequencies has
been increased largely during the optimization. The significance of this fact is
demonstrated even more intensely if the best result is compared to a reference
configuration exhibiting a cyclic symmetry. In this configuration, the ribs are
placed exactly in the middle between inner and outer radius of the disc and
the angles are evenly distributed leading to a difference angle of approximately
9.2o between the ribs. This comparison is presented in Fig. 4.12, b). While
the symmetric configuration exhibits many double eigenfrequencies, the grade
of modal asymmetry is large in the optimized case. Figure 4.13, a) shows a
top view on the brake disc with the cooling ribs in the best configuration
found with the SQP algorithm and the corresponding, randomly generated
starting configuration. Many ribs in the optimized configuration have a ra-
dius rn either on the lower or upper bound. This can be seen in more detail
in Fig. 4.13, b), where the radius rn of each rib is plotted together with the
angle ϕn. Also, the upper and lower bounds for the radius are given in the
figure as dashed, green lines. Since the lower and upper bounds of the radius
are induced by physical necessities, it is not possible to relax these bounds to
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Figure 4.12: a) Distances between the first 21 eigenfrequencies of the best solution
(solid, blue line, circular markers) and its starting configuration (dashed, red line,
square markers). The y-axis is in logarithmic scale. b) Distances between the first
21 eigenfrequencies of the best solution (solid, blue line, circular markers) and a
symmetric reference configuration (dashed, red line, square markers).
a)













Figure 4.13: a) Rib configuration of the best optimized result (solid, blue line)
and its starting configuration (dashed, red line). b) Plot of the radius rn and the
angle ϕn of each cooling rib for the best configuration (blue x) and the starting
configuration (red +).
achieve an even better local optimum. The SQP approach leads to very satis-
fying results, as has been shown, nevertheless it exhibits two drawbacks. The
first is that it is based on the calculation of gradients of the objective function
and of the nonlinear constraints, which is less effective with the EMM used to
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model the brake disc. The second is the fact that only 35% of all optimization
approaches led to satisfying results, which is a rather low percentage, even if
the nonlinearity and nonconvexity of the problem are considered.
As a second approach to solve the problem, the use of a heuristic GA is
proposed, provided in the Matlab Global Optimization Toolbox. For the
initial population, 200 random distributions of cooling ribs were generated.
The algorithm’s stopping criterion was chosen to be a minimal change in the
objective function of 10−14. The further settings of the algorithms were cho-
sen such that the linear constraints and upper and lower bounds are always
fulfilled during the optimization. Also, the fraction of individuals performing
crossover (generation of children from the parent generation without muta-
tion) was set to 60%. The algorithm took 6 generations and approx. 28000
function evaluations to reach an optimum solution with a minimal split bet-
ween the eigenfrequencies of 60.2 Hz, which is satisfying. Figure 4.14, a) shows
the evolution of the minimal distance between the 21 considered eigenfrequen-
cies during the optimization with the GA. It can be seen that in each genera-




























Figure 4.14: a) Evolution of the minimal distance ∆f between the eigenfrequen-
cies. b) Evolution of the maximum absolute constraint violation.
tion the objective function increases, which could be considered as unusual for
genetic algorithms. The development of the maximum absolute violation of
the constraints is documented in Fig. 4.14, b). First, the violation increases,
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then stays constant and then abruptly diminishes to a feasible value, which
hints at the heuristic characteristic of the approach. The rib configuration of
the solution is shown in Fig. 4.15, a) together with the rib configuration of the
best solution calculated with the SQP approach. While many ribs of the SQP
a)












Figure 4.15: a) Rib configuration of the result optimized with the GA (solid, blue
line) and the best SQP solution (dashed, red line). b) Distances between the 21
eigenfrequencies of the solution of the GA (solid, blue line, circular markers) and
a symmetric reference configuration (dashed, red line, square markers).
solution are at the upper and lower bounds, this is not the case for the solution
generated with the GA. The distances between the eigenfrequencies of the GA
solution and for the symmetric reference configuration already introduced in
the paragraph considering the SQP approach are presented in Fig. 4.15, b).
They exhibit qualitatively a similar distribution as in the best case found with
the SQP approach. Again, the large increase of modal asymmetry is obvious.
The best solution of all approaches was achieved with one of the 20 SQP runs
deterministically targeting a local optimum and not with the GA, which is
conceived to target the global optimum due to its heuristic nature. This leads
to the conclusion that for the presented nonlinear, nonconvex optimization
problem, a deterministic approach is a good choice for achieving satisfying
results, even under the expectation of many local optima [108].
Still, the GA has important advantages: It required approx. thrice as much
function evaluations to reach its solution as one SQP run, however, it directly
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led to a satisfying result, which the SQP approach only did in 35% of all
approaches. Furthermore, the GA approach profits more from parallelization
than the SQP approach (of course depending on the implementation) and is
a gradient free method, which is beneficial when used in conjunction with the
EM method of modeling the structure to be optimized.
Since the optimized configurations are intended to be used in a realistic con-
text, they would have to be manufactured by a casting process. This process
can lead to geometry variations due to manufacturing uncertainties. In order
to assess their influence, the radii rn and angles ϕn of the best SQP and GA
solution are rounded to an assumed manufacturing precision of 0.001 m and
1o, respectively, similar to the case of the brake disc with radial holes. Fig-
ure 4.16 shows a comparison of the distances between the eigenfrequencies for
the rounded configurations and the exact ones. As can be seen, the distances
























Figure 4.16: a) Distances between the 21 eigenfrequencies of the best rounded
configuration found with the SQP approach (solid, blue line, circular markers)
and the exact configuration (dashed, red line, square markers). The y-axis is
in logarithmic scale. b) Distances between the 21 eigenfrequencies of the best
rounded configuration found with the GA approach (solid, blue line, circular
markers) and the exact configuration (dashed, red line, square markers). The
y-axis is in logarithmic scale.
of the rounded configurations differ only slightly from the exact ones for both
optimization approaches. A deviation of the minimal distance between the
eigenfrequencies of 7.7 % in the SQP case and 5.5 % in the GA case result
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from the rounding process. This leads to the conclusion that both solutions
can be treated as robust against manufacturing uncertainties and are there-
fore, from this point of view, highly suitable for the application in passenger
cars.
Of course, the resistance against brake squeal is only one aspect when con-
sidering brake discs for series applications. Others, even more important ones
are e.g. temperature endurance, fatigue and wear resistance or manufacturing
costs. These aspects have not been considered here and would surely lead to
changes in the designs when considered properly. It was, however, not the
goal of this work to develop realistic brake discs directly applicable for series
production. Still, the optimized designs would be suitable for the generation
of prototypes for squeal tests similar to the tests performed with the disc
with radial holes. Since the generation of such cast prototypes is elaborate
and cost-intensive, no prototypes were generated. It is more convenient and
similarly significant to test bicycle brake discs and therefore, these have been
optimized as well. This optimization and the results will be presented in the
next sections.
4.4 Introductory example of a bicycle brake
disc optimization
In order to give a first insight into the optimization of bicycle brake discs and
to highlight similarities and differences to the automotive case, a first example
of the optimization of a bicycle brake disc is shown. It was first published
in [126]. The angular position ϕn and radial position rn of the holes in the
friction ring is varied here, as is presented in Fig. 3.11, b). The optimization
problem to split the eigenfrequencies of the brake disc under variation of N
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rmin ≤ rn ≤ rmax
0 ≤ ϕn ≤ 2π
ϕ1 < ϕ2 < . . . < ϕN
ceq(rn, ϕn) = 0 (2 balance constraints)
c(rn, ϕn) ≤ 0 (N min. distance constraints),
(4.11)
where fk are the eigenfrequencies of the disc and rmin and rmax are the minimal
and maximal radii to the midpoints of the inserted holes, respectively. The
balance constraints ceq can be easily deduced since the rotor is assumed to
be a homogeneous body rotating at a constant angular velocity and the holes
are of a constant diameter leading to
ceq1 (rn, ϕn) =
∑N
n=1 rn cosϕn,




They originate from the fact that in rotor dynamics balance is a crucial re-
quirement. Since an intersection between holes has to be avoided and a mini-
mal distance between two holes is necessary due to material strength require-
ments, minimal distance constraints c have to be introduced. They can be
written as
cn(rn, ϕn) = dmin − dbn, (4.13)
where dmin is the minimal necessary distance between the midpoints of two
holes and dbn is the actual distance between two holes given by
dbn =
√
(rn+1 cosϕn+1 − rn cosϕn)2 + (rn+1 sinϕn+1 − rn sinϕn)2. (4.14)
As in the case of the automotive brake disc with radial holes, the minimal
distance constraints cannot be written in linear form without major simplifi-
cations.
The presented nonlinear, nonconvex optimization problem was solved using
the SQP algorithm implemented in the Matlab Optimization Toolbox with
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E = 206000MPa h = 0.002 m
ν = 0.3 rh = 0.00225 m
ρ = 7850 kg/m3 rmin = 0.0715 m
ri = 0.067 m rmax = 0.0755 m
ra = 0.08 m dmin = 0.008 m
Table 4.8: Parameters for the introductory bicycle brake disc optimization.
the parameters given in Tab. 4.8. Both FE meshes used for the rotor and
the holes consist of 3D isoparametric elements of quadratic shape function
order (C3D20) with 40800 DOF in the plate mesh and 12609 DOF in the
hole mesh fulfilling convergence requirements. Also for convergence reasons,
the parameter κ was chosen to be 10−6 (see Eq. 3.26). The disc’s boundary
conditions were selected as free at the inner and outer radius, in order to
optimize the bending dominated eigenmodes in this introductory example. 36
regularly spaced holes were considered in the initial configuration exhibiting
a cyclic symmetry, which can be seen in 4.17, a). The resulting configuration
a)










Figure 4.17: a) Brake rotor with a symmetric (dashed, red line) and the optimized
hole configuration (solid, blue line). b) The distances between the first 22 eigen-
frequencies of the optimized configuration (solid, blue line, circular markers) and
the starting configuration (dashed, red line, square markers).
after the optimization, which took 7 iterations with 623 evaluations of the
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objective function, is also presented in Fig. 4.17, a). The first 22 non-zero
eigenfrequencies reaching up to 5 kHz were considered in the optimization.
This limit lies well below the frequency which can be calculated using
Eq. (2.22) and was chosen for two reasons. First, as will be presented in
the following, the increase in the grade of modal asymmetry was very low
and it would be very likely that it decreases even more with more eigen-
frequencies considered. Second, the runtime for this first bicycle brake disc
optimization example could be kept low by limiting the number of computed
eigenfrequencies. The distances between the eigenfrequencies of the optimized
configuration and the starting configuration are shown in Fig. 4.17, b). While
the initial configuration exhibits many double eigenfrequencies, a maximum
minimum distance between the eigenfrequencies of 4.6 Hz was achieved as a
local optimum. However, this grade of modal asymmetry is approximately
a magnitude below the value necessary to avoid squeal completely (see sec-
tion 2.2.3). It is highly unlikely that the usage of heuristic algorithms or the
generation of many starting configurations to enhance the possibility of find-
ing better optima would increase the achievable grade of modal asymmetry
largely. Therefore, two important conclusions can be drawn from this intro-
ductory bicycle brake disc optimization. The first is that it is necessary to
change the geometry to a far larger extent than was the case presented here
and also in the automotive case in order to reach the potential to avoid squeal
completely. The second is that it has to be assessed whether even grades
of modal asymmetry below the limit of complete squeal avoidance can have
beneficial effects on the performance of optimized brake discs in the squeal
context. Both aspects will be considered in the next section, which deals with
the optimization of a bicycle brake disc with a realistic geometry.
4.5 Bicycle brake disc with a realistic geometry
Bicycle brake discs have to fulfill many important criteria for save operation,
in direct analogy to automotive brake discs. These reach from the provision
of brake torque even under very high thermal loads to wear resistance. Ad-
ditionally, lightweight construction and optical design aspects are far more
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important than in the automotive case. This leads to a very complex and
sophisticated geometry, as can be seen in Fig. 4.18, where a Magura Storm




Figure 4.18: Magura Storm SL brake rotor.
cycle brake systems and the Storm SL is one of their commercially available,
very light rotors. It is manufactured of stainless X30Cr13 steel offering a high
hardness and wear resistance. While the friction ring is connected to the sup-
port by curved legs, six bolts connect the support with the hub at the bicycle.
The outer and inner rim of the friction ring is curved as well and cut-outs re-
duce its weight. These geometrical elements present in state-of-the-art brake
discs will be varied and optimized in the following to achieve higher grades
of modal asymmetry as in the simple case shown in the section before. Large
parts of this optimization have been conducted in the Master thesis [11].
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4.5.1 Optimization problem
The optimization problem to increase the distance between the eigenfrequen-










where the parameters to be varied are given by
p = (bl, ϕl, rh, bh, ϕh, γr, ar, ϕr)T. (4.16)














Figure 4.19: a) Section of a top view on a brake disc to be optimized. b) More
detailed section of the top view to highlight the optimization variables varying
the rim of the friction ring.
parameters are: the width bln and angle ϕ
l
n of the legs connecting the support
and the friction ring, the radius rhn to and angle ϕ
h
n of each hole on the friction






n used to vary
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the outer rim of the friction ring. The inner rim of the friction ring is not
varied. Also, the legs are not curved for the optimization presented here and
there are only holes in the friction rings considered and no cut-outs of other
form. The number of legs N l and the number of holes Nh in the friction ring
are kept constant during the optimization. The outer rim of the friction rim
is parameterized such that it can exhibit a wave form. This is introduced
by cosine waves, which cover an angle γrn, begin at an angle ϕ
r
n and have an
amplitude arn. The single waves are connected such that a continuous wave
is generated as is shown in Fig. 4.19, b). The maximum penetration depth
of each wave is counted from the outer rim (which has a constant radius ra)
and has a magnitude of arn. Since the number of single waves N
r is constant
during the optimization, the parameter γ = f(ϕrn, N
r) is a function of the
angle ϕrn and the number of single waves N
r, a relationship that can be used
to reduce the number of variables in the optimization.
The upper and lower bounds of the optimization variables are given by
blmin ≤ bln ≤ blmax,
0 ≤ ϕln ≤ 2π,
rhmin ≤ rhn ≤ rhmax,
bhmin ≤ bhn ≤ bhmax,
0 ≤ ϕhn ≤ 2π,
armin ≤ arn ≤ armax,
0 ≤ ϕrn ≤ 2π.
(4.17)
Further inequality constraints are
ϕln − ϕln+1 ≤ −∆ϕlmin,
ϕln+1 − ϕln ≤ ∆ϕlmax,
(4.18)
representing the minimal and maximal distance constraints for the legs, where
∆ϕlmin is the minimal angle between two legs and ∆ϕ
l
max the maximum one.
Additionally, a minimal distance dmin between the outer rims of the holes in
the friction ring is introduced in direct analogy to the introductory example
(see Eqs. (4.13) and (4.14)) considering the variable hole radius in this case.
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The balance constraint ceq(p) has a very simple form
ceq(p) = e(p), (4.19)
where e(p) is the eccentricity of the brake disc resulting from the design ele-
ments that are varied. It is not considered as useful to derive this balance con-
straint explicitly as has been done in the optimization approaches presented
before, due to the complex geometry of the bicycle brake discs. Instead, it is
evaluated numerically with the FE package used to generate and analyze the
model (see below). Again, dynamical balance is assured by this constraint as
well.
While many parameters of the brake rotor are varied during the optimiza-








Figure 4.20: Top view on a brake disc with very simple geometry that will later
be used as a reference example.
of the friction ring ra, its inner radius ri, the inner radius of the support rsi
and its outer radius rsa. Six holes of 5.2 mm diameter are placed evenly spaced
in the middle of the support ring at rsm = 22mm to allow for a proper fix-
ation to the hub of the wheel. The disc has a thickness of h, which is also
kept constant. There are composite brake discs commercially available, how-
ever, here the brake discs are considered to be of a single material with a
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density ρ, Young’s modulus E and Poisson’s ratio ν, as was the case for
the introductory example.
4.5.2 Modeling aspects
In all cases presented before in this thesis, the EMM has been used to model
the structure to be optimized offering the possibility to combine efficiency and
large geometry variations. This method offers large advantages if the modi-
fications of the basis structure are rather simple in their geometry. This was
the case for the automotive brake discs with radial holes and cooling channels
as well as for the bicycle disc case with modifications only of the holes in the
friction ring. The EMM is not ideally suited to model the complex geometry
of the bicycle brake discs considered in this section. Therefore, a more basic
approach was chosen. The geometry is directly modeled in the commercial FE
package Abaqus using a Python script and the parameters introduced in
paragraph 4.5.1 can be varied by an external optimization algorithm accessing
this script. This has the advantage that also large changes in the geometry
are possible and that the optimization algorithms can be chosen freely that
are combined with the FE software. The disadvantage is that the structure
has to be remeshed in every iteration step of the algorithm. Abaqus can
generate FE meshes automatically, solves the eigenvalue problem necessary
for the determination of the objective function efficiently and also allows for
the computation of the eccentricity of the brake rotor. Therefore, it is a very
good modeling tool for the purposes necessary here, despite the fact that it
does not offer very capable optimization algorithms leading to a preference
for external algorithms.
The FE mesh has been generated using shell elements with quadratic shape
function order (S8R), where the characteristic side length determining the
amount of DOF used for the mesh during the automatic mesh generation
process was chosen to be 0.8h fulfilling convergence requirements. This leads
to approximately 5000 elements and 100000 DOF in the models during the
optimization. In Tab. 4.9 the parameters used in the optimization presented
in the next section are shown. The boundary conditions for the disc are chosen
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E = 210000MPa h = 0.002 m
ν = 0.3 rp = 0.0735 m
ρ = 7850 kg/m3 µ = 0.4
ri = 0.0665 m k = 1.2 · 105 N/m
ra = 0.08 m mminG = 0.035 kg
rsa = 0.0275 m αM = 0.092 s
rsi = 0.018 m αS = 1 · 10−10 1/s
Table 4.9: Parameters of the bicycle brake discs with complex geometry.
as following: The outer rim of the disc is assumed to be free, while the rims
of the six holes on the support are assumed to be clamped, which is defined
as setting the displacement DOF and rotational DOF to zero in the nodes
at the rim. It will be shown in section 4.5.4 that this allows for a very good
match between simulations and experiments.
4.5.3 Solution of the optimization problem
The optimization problem was solved using a tripartite approach based on the
knowledge gained from the optimization of the automotive brake discs with
cooling channels. This approach has been introduced shortly in Fig. 4.1. The
main optimization is a continuous one varying the parameters introduced in
section 4.5.1. For the solution a GA implementation provided by the Matlab
Global Optimization Toolbox was used. The initial configurations are gener-
ated randomly and then pre-optimized by a simplified discrete optimization
explained in the following. After the genetic algorithm is finished, a SQP
approach follows with the intention to further enhance the found solution if
possible. The settings for the upper and lower bounds of the optimization pa-
rameters and the constraints can be found in Tab. 4.10. The number of legs
N l, holes Nh and single waves at the outer radius N r are kept constant for
one optimization approach, however, three approaches will be conducted with
variations in these numbers. Additionally, the angle γrn of one single wave at
the outer rim can vary up to 20% from the average value γrav = 360
o/N r.
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blmin = 0.005 m a
r
min = 0 m
blmax = 0.008 m a
r
max = 0.003 m
∆ϕlmin = 4
o dmin = 0.002 m
∆ϕlmax = 60
o evio = 0.0005 m
rhmin = 0.0705 m N
l = 8− 14
rhmax = 0.073 m N
h = 25− 60
bhmin = 0.003 m N
r = 0− 21
bhmax = 0.005 m
Table 4.10: Settings for the optimization of the realistic bicycle brake discs.
The optimization goal is to introduce a split of 43 Hz between the eigen-
frequencies of the brake disc up to 6 kHz. It is know from the estimation
presented in section 2.2.3 using the parameters of Tab. 4.9 that the discs can
squeal up to a higher frequency. However, it will be shown in the next sec-
tion that the modal analysis tests to check the validity of the optimization
results could only be conducted up to 6 kHz leading to the limiting of the
optimization frequency to 6 kHz, which corresponds to 34 eigenfrequencies to
be considered. For the main optimization and the following SQP approach,
the constraint tolerance was set to 0.0001 rad for angle and 0.1 mm for length
measures, except for the tolerance in the balance constraints, which was set
to 0.5 mm. The continuous optimizations were stopped if the change in the
objective function between two consecutive optimization iterations were be-
low 10−5, the absolute value of the step size below 10−8 and the constraints
were satisfied to the limits given above. Additionally, the GA was stopped
in the continuous case if in three consecutive generations no enhancement of
the objective function could be reached and in the discrete case after five.
In order to guarantee a steady increase in the objective function also for the
genetic algorithms, one elite member of each generation is chosen that is di-
rectly transferred to the next generation. For the starting population, 150
initial configurations were generated using a discrete genetic algorithm.
While in the continuous case, design elements of the brake discs and their
103
4 Structural optimization of automotive and bicycle brake discs
position are varied continuously, in the discrete case, the basic geometry of the
rotor is fixed and legs and holes in the friction ring are enabled or disabled.
This is demonstrated in Fig. 4.21. The outer rim of the friction ring is not
Figure 4.21: Top view on a brake disc with fixed geometry and disabled (dashed
line) or enabled (solid line) design elements.
varied here and also the width of the legs is fixed to bln = 6.5 mm and the
diameter of the holes to bhn = 4 mm. The maximum number of legs and holes
is given by 14 and 60, respectively, fulfilling the minimal distance constraints
presented in section 4.5.1. The maximal distance constrains are converted to
constraints that determine the maximum number of consecutively disabled
legs and holes. The reduction of the continuous optimization problem to
a discrete one additionally requires a relaxation of the balance constraint
tolerance, which has been set to evio = 10 mm.
Making use of the discrete GA, three brake disc configurations with an in-
creasing level of flexibility in the design were generated, additionally two ref-
erence samples. They differ in the following aspects, summarized in Tab. 4.11:
The legs were fixed or variable, there were holes in the friction ring or not
and the outer rim was changed to accomplish a wave form or not. The mod-
els I and II have fixed design aspects, are not optimized and will be used
as reference examples. The other three models were optimized with the ap-
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Model
Legs Holes Outer rim
fixed variable none variable fixed variable
I X X X
II X X X
III X X X
IV X X X
V X X X
Table 4.11: Model variations of the bicycle brake rotor forming the basis for three
optimization approaches with increasing flexibility in the geometry and two ref-
erence configurations (I and II).
proach presented before. The complete runtime of the algorithms from the
generation of starting configurations to the enhancement of the found local
optimum with a SQP approach took approximately 2 weeks each, dominated
by the successive solution of the eigenvalue problem to determine the objec-
tive function and its derivatives (the latter only in the SQP case). Figure 4.22
shows top views on the three optimized discs and the two reference configu-
rations. Additionally, the Magura Storm SL rotor is shown highlighting the
similarities and differences between the optimized rotors and the commer-
cially available one. While models I and II exhibit a cyclic symmetry leading
to many double eigenfrequencies, the three optimized discs are geometrical
and modal asymmetric. This will be discussed in detail in the next section
together with modal and squeal test results.
4.5.4 Results
The five brake discs presented in Tab. 4.11 were manufactured by water jet
cutting from X20Cr13 steel, which is a stainless steel equivalent to the material
of which the Magura Storm SL is made of. These prototypes were then tested
on a bicycle test rig shown in Fig. 4.23. The test rig consists of a commercially
available bicycle front fork rigidly connected to a heavy support. The wheel
and the brake are attached to the fork as is usual for a conventional bicycle.
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Figure 4.22: Top views on: a) model I, b) model II, c) model III, d) model IV, e)
model V and f) the Magura Storm SL.
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Figure 4.23: The bicycle brake test rig.
The brake system used for the tests is a Magura MT4 model suitable for
brake rotors of 160 mm diameter. The wheel can be driven by a controlled
electrical motor, which enables measurements at different combinations of
brake pressure and rotational frequencies of the disc. This is essential for
squeal tests.
A modal analysis with the non-rotating disc was conducted first, using the
same techniques and the same Polytec scanning laser vibrometer as for
the tests of the automotive disc with radial holes. A sampling frequency of
16.38 kHz was used and the spectrum was evaluated up to 6.4 kHz with a
resolution of 1 Hz. A grid with about 80 measurement points was used and
an averaging process over ten measurements per point helps to increase the
reliability of the modal analysis. The results of this analysis are compared to
the calculation results to assess the validity of the brake disc model used for the
optimization and the grade of modal asymmetry achieved by it. Afterwards,
squeal tests were performed with rotating wheel to evaluate the squeal affinity
of the tested brake discs, also in direct analogy to the test performed with
the automotive disc with radial holes. For the squeal test measurements the
sampling frequency was selected to be 32 kHz, however, the generated spectra
were only evaluated up to 12.5 kHz using a low-pass-filter. After each squeal
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test at a given pressure and rotational frequency, the surface temperature
of the discs was measured, in order to avoid heating above 100o Celsius.
Higher temperatures would strongly alter the properties of the brake pad
and therefore the squeal affinity of the brake assembly. Additionally to the
measurement of the surface velocity of the brake disc with a laser vibrometer,
the average SPL was measured using a Trotec BS15 sound-level-meter at
a distance of 0.5 m from the brake disc. However, since no suitable room
was available for the measurements and the sound-level-meter’s precision is
± 3.5 dB(A), this can only give a very rough estimate of the generated noise
level and therefore is not suitable for the assessment of a reduction in squeal
affinity according to scientific standards. The measurements with the laser
vibrometer will thus be used to decide about the performance of the optimized
prototypes with respect to squeal and about the efficacy of the conducted
optimization. Still, the SPL will be given to illustrate these findings more
clearly.
First, the results for the Storm SL rotor will be presented in total in the
next paragraph, before the modal analysis results of the prototypes are shown.
Then follows a comparison of the squeal test results of the prototypes, before
the squeal reduction performance will finally be assessed by a comparison of
the best optimized prototype and the commercially available Magura rotor.
Introductory Example: The Magura Storm SL
As has been addressed in the last paragraph, the Storm SL, shown in
Fig. 4.18, exhibits a cyclic symmetry, leading to an expectation of many dou-
ble eigenfrequencies or eigenfrequencies which are hardly separated. This
is shown by a plot of the distances between the eigenfrequencies of this ro-
tor, given in Fig. 4.24, a), which have been calculated using Abaqus with
the settings presented in section 4.5.2. The first 70 eigenfrequencies, shown
in Fig. 4.24, b), were considered in the calculations reaching up to about
12 kHz. This limit lies far above the highest frequency measurable in the
modal analysis. This is due to the fact that the modal hammer used to test
the very light brake disc could not excite modes up to this high level even
with a steel tip. The normalized spectrum of the hammer is introduced in
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Figure 4.24: a) Distances ∆f between the eigenfrequencies of the Magura Storm
SL brake disc. Only the distances below 20 Hz are shown, the corresponding num-
ber of the eigenfrequency pair is given on the x-axis. b) Calculated eigenfrequency
distribution of this rotor.
Fig. 4.25, a) and it can be seen that the excitation level rapidly decreases
with increasing frequency. The -10 dB limit lies even below 2 kHz. Despite
this fact, the spectrum of the velocity signal of the laser vibrometer could be
evaluated reliably up to 6 kHz, since the coherence at the eigenfrequencies is
close to 1 up to this limit, as can be seen in Fig. 4.25, b). The eigenfrequencies
of the brake rotor could be determined analyzing the spectrum of the laser
vibrometer’s velocity signal shown in Fig. 4.25, c) in conjunction with the
possibility to visualize the operating deflection shapes at defined frequencies.
The measured eigenfrequencies that could be clearly identified are compared
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to the calculated ones in Tab. 4.12. It can be seen that the agreement bet-
Eigenmode fi (C) ∆fi (C) fi (M) ∆fi (M)
1/0 269 0 267 0
269 267
2/0 371 0 375 0
371 375
3/0 696 10 702 12
706 714
4/0 1219 0 1232 0
1219 1232
5/0 1878 1 1897 0
1879 1897
6/0 2775 1 2793 6
2776 2799
7/0 3585 0 3603 11
3585 3614
8/0 4897 3 4958 7
4900 4965
Table 4.12: Eigenfrequencies fi and corresponding distances between the eigenfre-
quencies∆fi of the Magura Storm SL rotor. Calculations (C) and measurements
(M).
ween measurements and simulation is very good. This also demonstrates that
the choice of boundary conditions, which are a free outer rim of the disc and
clamped rims of the six holes in the support, is correct. The distances bet-
ween the measured eigenfrequencies is always at the same level or higher than
between the calculated ones, which shows that not only the eigenfrequencies
can be predicted accurately and usefully by the simulations but also the dis-
tances. Therefore, for the following modal analysis results, only the calculated
distances between the eigenfrequencies will be given for the five prototypes.
The measurement results are available but lead to the same conclusions than
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in the case of the Storm SL rotor shown here and will thus not be given ex-
plicitly. Before, the squeal test results of the Magura disc are presented to
complete the discussion on this brake disc type.
For squeal tests of the Storm SL rotor, the Magura brake pads type 7.3
were used. The rotational frequency was varied in discrete steps from 0.5 1/s
to 2.25 1/s and the applied brake pressure from 1 bar to 10 bar. At each op-
erational point in this test matrix, the surface velocity of the disc at a defined
point was measured using the laser vibrometer. As an example, the spectrum
of this signal for the operation point with a pressure of 3 bar and the rotational
frequency 1.5 1/s is shown in Fig. 4.26. The most characteristic peak lies at
1025 Hz, there are some smaller ones at lower frequencies but not at higher
ones. Concluding, the Storm SL squeals nearly monofrequently at 1025 Hz at
this operation point, there are no higher harmonics of this frequency present.
An analysis of the spectra of all other operation points shows the same be-
havior, where only the squealing frequency slighly varies from 1010 Hz to
1050 Hz due to varying temperatures of disc and pad. The maximum am-
plitude of the spectrum at each operation point is evaluated leading to the
squeal map presented in Fig. 4.27, where the maximum amplitude of the spec-
trum of the velocity signal is shown as a color scale according to the operation
point defined by the brake pressures given at the x-axis and the rotational fre-
quencies at the y-axis. There are some operating points shown without color.
At these points no reliable measurements where possible, either because the
brake temperature increased too fast to achieve constant parameters or be-
cause the electrical motor could not maintain a constant rotational speed due
to the high brake pressures applied. The maximum vibration amplitudes dur-
ing squeal can reach 0.02 m/s leading to very high sound pressure levels of at
least 82 dB(A), which is without doubt highly uncomfortable. Concluding,
the measurements clearly demonstrate that the commercially available brake
disc is not optimized to avoid squeal and is therefore highly prone to squeal.
In the following, the modal analysis of the three optimized prototype discs
and the two reference ones is shown before their squeal affinity is analyzed.
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Figure 4.25: Magura Storm SL: a) Normalized spectrum of the force signal of the
modal hammer. b) Coherence between the laser vibrometer’s velocity signal and
the force transducer’s signal of the modal hammer. c) Transfer function between
the velocity signal of the laser vibrometer and the force transducer signal of the
modal hammer.
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Figure 4.26: Spectrum of the surface velocity signal during squeal of the Storm SL
rotor at a brake pressure of 3 bar and a rotational speed of 1.5 1/s.




































Figure 4.27: Squeal map of the Storm SL rotor. The corresponding squeal fre-
quencies vary from 1010 Hz to 1050 Hz.
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Modal analysis
Two prototype brake discs exhibiting a cyclic symmetry were manufactured
with the intention to serve as reference examples for the tests with the other
three prototypes. The first one, model I, shown in Fig. 4.22, a), has straight
legs rectangularly connecting support and friction ring, while the second, more
realistic one, model II, has legs fixed tangentially to the support, as is shown
in Fig. 4.22, b). Due to their cyclic symmetry, both discs are expected to have
a very low grade of modal asymmetry, which is verified from the computed
distances between their eigenfrequencies presented in Fig. 4.28. As can be


















Figure 4.28: Distances ∆f between the eigenfrequencies of disc model I (a)) and
model II (b)). Only the distances below 30 Hz are shown, the corresponding
number of the eigenfrequency pair is given on the x-axis.
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seen, both discs have more than ten distances between the eigenfrequencies
below 30 Hz in the range up to 12 kHz and some which have such a small
distance between each other that they can be considered as double eigenfre-
quencies. Thus these discs are supposed to show a high squeal affinity, which
will be demonstrated in the next section.
The distances between the eigenfrequencies of the three optimized brake
discs are shown in Fig. 4.29. The discs have only been optimized up to 6 kHz
and therefore a distinction is made in the plots between the optimized fre-
quency range and the higher frequency range from 6 kHz to 12 kHz. The
distances in the optimized frequency range are printed as solid, blue line with
circular markers, while the distances in the higher frequency range are printed
as dashed, red line with circular markers. Only the legs were varied to achieve
model III, nevertheless, this model exhibits with 27 Hz the largest minimal dif-
ference between the eigenfrequencies in the optimized frequency range. Both
more elaborate models IV and V have a smaller grade of modal asymmetry in
this frequency range. This hints at the fact that the increase in the amount of
optimization variables leads to a more complex optimization problem which
makes the finding of better local solutions more difficult. Increasing the num-
ber of starting configurations in the initial population of the continuous GA
could improve the possibility of finding a proper optimum, however, high cal-
culation times put a limit on this approach. Still, model III exhibits one
eigenfrequency pair with only a very small distance of 3 Hz in the higher,
not optimized frequency range. As will be shown in the next paragraph, this
leads to a higher squeal affinity at high frequencies. In this respect, model IV
performs better than prototype V with a split of 18 Hz in the range between
6 kHz and 12 kHz compared to the split of 11 Hz. The higher grades of modal
asymmetry of models IV and V result from the introduction of holes in the
friction ring and waves at the outer rim of this ring which strongly affect high
eigenfrequencies but have only a very limited effect on lower ones (see section
4.4). A comparison of the achieved distances between the eigenfrequencies
of all six tested brake discs separately reported for the optimized frequency
range and the higher frequencies is given in Tab. 4.13. This table sums up the
results of the modal analysis presented in this section and emphasizes that
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Figure 4.29: Distances ∆f between the eigenfrequencies of disc model III (a)),
model IV (b)) and model V (c)). Only the distances below 40 Hz are shown, the
corresponding number of the eigenfrequency pair is given on the x-axis.
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Model ∆f (Hz) (O) f (Hz) (O) ∆f (Hz) (H) f (Hz) (H)
Storm SL 0 371 0 7399
I 1 1327 1 9026
II 0 1311 0 6360
III 27 228 3 10475
IV 18 368 20 11871
V 24 5620 11 6372
Table 4.13: Maximal minimal distance ∆f between the eigenfrequencies of the
six tested brake discs with the corresponding lower eigenfrequency. Optimized
frequency range (O) and higher frequency range between 6 kHz and 12 kHz (H).
the three not optimized discs have far lower grades of modal asymmetry than
the optimized ones. This highlights the positive impact of the optimization,
however, it should be noted that neither disc exhibits a distance between all
eigenfrequencies in the critical frequency range that is needed to completely
avoid squeal according to the estimations given in chapter 2.2.3. Still, it is
shown in the squeal test section presented next that even an optimization,
which could not introduce the necessary split between the eigenfrequencies to
avoid squeal completely, leads to large benefits concerning squeal affinity.
Squeal tests
Applying the same procedure as with the Storm SL rotor, the five prototype
discs were tested with respect to their squeal affinity. Magura brake pads
type 7.1 were used in this case. The squeal frequencies of the prototypes
lie in three frequency ranges and are present simultaneously, however, with
strongly varying amplitudes. These frequency ranges are 260 Hz to 320 Hz,
350 Hz to 400 Hz and the much higher range 9000 Hz to 11000 Hz. The broad
range of 9000 Hz to 11000 Hz indicates that the participating modes are not
identical for the different brake discs, but they are similar with respect to
the fact that the participating eigenmodes are of very high order with many
nodal lines and therefore ensure comparability. The squeal maps of the low,
117
4 Structural optimization of automotive and bicycle brake discs
middle and high frequency range can be found in Figs. 4.30, 4.31 and 4.32.





































































































Figure 4.30: Squeal maps of the prototype rotors. The corresponding squeal fre-
quencies vary from 260 Hz to 320 Hz. a) Model I, b) model II, c) model III, d)
model IV and e) model V.
The squeal maps for the lowest frequency range given in Fig. 4.30 show that
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Figure 4.31: Squeal maps of the prototype rotors. The corresponding squeal fre-
quencies vary from 350 Hz to 400 Hz. a) Model I, b) model II, c) model III, d)
model IV and e) model V.
only model II exhibits high vibration amplitudes in this range despite the
fact that also model I has eigenfrequencies with a very low distance. This
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Figure 4.32: Squeal maps of the prototype rotors. The corresponding squeal fre-
quencies vary from 9 kHz to 11 kHz. a) Model I, b) model II, c) model III, d)
model IV and e) model V.
supports the statement made in chapter 2.2.3 that if the distances between
the eigenfrequencies are below the estimated stability boundary, squeal is
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possible but the disc does not necessarily squeal. It is likely that model I
would squeal at this frequency with a different brake pad for example, but
here it did not. However, it does have higher amplitudes in the frequency
range between 350 Hz and 400 Hz presented in Fig. 4.31 and therefore squeals
audibly at this frequency. Also, model II and V squeal in this range. Both
discussed frequency ranges are very low and therefore the sound is not as
unpleasant as it is in the high frequency range. The squeal maps for this
frequency range are shown in Fig. 4.32 and demonstrate that disc II and
III squeal with large vibration amplitudes at this frequency range. A high
squeal level is expected from model II since it is not optimized and also from
model III. Tab. 4.13 shows that this disc has a very small distance of only
3 Hz between the eigenfrequencies at around 10500 Hz. The application of the
brake pad with high pressures increases the eigenfrequency to the level of the
squealing frequency and therefore this small split can be considered as origin
of the squeal of model III. Disc IV, however, shows the best performance with
respect to squeal avoidance in all frequency ranges due to the fact that all of its
eigenfrequencies are split by at least 18 Hz up to 12 kHz. Only disc V delivers
comparable results, nevertheless with slightly higher maximal amplitudes as
is shown in Tab. 4.14. This table gives the worst case amplitudes of the
Frequency range Model I Model II Model III Model IV Model V
260 Hz - 320 Hz 0.95 2.22 0.61 0.85 0.72
350 Hz - 400 Hz 3.68 1.05 0.58 0.58 0.81
9 kHz - 11 kHz 0.70 2.25 2.12 0.28 0.38
Table 4.14: Comparison between the maximum amplitudes during squeal of the
five prototype brake discs. Three different frequency ranges are considered. The
amplitudes are given in 10−3 m/s.
five measured discs in the three frequency ranges and clearly demonstrates
that the optimized discs IV and V have largely reduced vibration amplitudes
compared to the others. The optimization was successful in these cases, still,
it could be improved in the future by considering the whole frequency range
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up to which squeal is possible and by using much more initial configurations
in the GA (which is limited by computing power).
The maximum SPL for each disc is presented in Tab. 4.15, still, due to the
inaccuracies in the measurements already mentioned in the beginning of this
section, these sound pressure levels can only represent tendencies in squeal
affinity. Still, the tendency that the disc models IV and V perform best is
Model I Model II Model III Model IV Model V
SPL (dB(A)) 88 99 95 84 78
Table 4.15: Comparison between the maximum sound pressure levels during squeal
of the five prototype brake rotors.
clearly visible. For a final assessment of the reduction of squeal affinity by
the optimization to increase the modal asymmetry, the best prototype disc
is compared to the Magura Storm SL in the next section. Despite the fact
that the SPL of model V is lower than model IV, the latter model is chosen
for this purpose since it has the lowest vibration amplitudes, which represent
the scientific criterion for squeal used in this thesis.
Squeal reduction assessment
In order to achieve comparable results, the squeal affinity of brake disc
model IV was tested again with the Magura brake pads type 7.3. Com-
pared to the type 7.1 brake pads, these pads alter the vibration amplitudes
and SPL during squeal, but they do not change the squeal frequencies. The
resulting squeal maps for prototype IV are shown in Figs. 4.33, a) to c) to-
gether with the squeal map of the Storm SL rotor presented in Fig. 4.33, d).
Originally the latter mentioned squeal map was shown in Fig. 4.27. Here, a
non-equidistant color scale has been chosen to enable a direct comparison with
the squeal maps of the prototype disc. While this disc has three squealing
frequencies, where the highest one dominates the audible sound, the Magura
rotor squeals nearly monofrequently. The amplitudes of the vibrations of the
optimized disc are approximately one magnitude smaller than that of the
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Figure 4.33: Squeal maps of prototype disc model IV and the Magura Storm SL.
a) Model IV, frequency range 260 Hz to 320 Hz, b) model IV, frequency range
370 Hz to 420 Hz, c) model IV, frequency range 10 kHz to 11 kHz and d) Storm
SL, frequency range 1010 Hz to 1050 Hz.
commercially available one. These large differences in vibration amplitudes
become even more pronounced if the amplitudes of all squeal events averaged
over all applied brake pressures and rotational frequencies are considered for
both discs and the corresponding squeal frequencies. A comparison between
the Storm SL disc and the optimized one is shown in Fig. 4.34. It is obvious
that the Magura rotor exhibits by far the largest average vibration ampli-
tude. The average amplitudes of the optimized disc are smaller and decrease
further with increasing frequency. Also, the measured SPL of the commer-
cially available disc is always at least 10 dB(A) higher than the SPL of the
optimized rotor with a maximum of 72 dB(A). In average, the difference is
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Figure 4.34: Average vibration amplitudes of the Magura disc (dashed, red line,
square markers) and the best optimized prototype disc (solid, blue line, circular
marker). Storm SL (a), prototype IV at 260 Hz to 320 Hz (b), prototype IV at
370 Hz to 420 Hz (c), prototype IV at 10 kHz to 11 kHz (d).
much higher and reaches 15 dB(A), which is without doubt highly significant.
While a customer would be annoyed by the squeal of the Magura Storm SL
if he used the disc at a mountainbike tour, the noise generated by the opti-
mized one would be drowned in surrounding noise generated e.g. by traffic or
by the wheel-ground contact.
Concluding, the optimization of bicycle brake discs was highly successful
despite the fact that a grade of modal asymmetry could not be reached to
avoid squeal completely. Also, the conducted tests proof that the idea of
splitting all eigenfrequencies of a rotor in frictional contacts helps to avoid
squeal reliably and therefore can be considered as an effective, passive and
cost-efficient method to inhibit self-excited vibrations.
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5 Conclusions
In this thesis a structural optimization of asymmetric brake rotors is discussed
aiming for a split of the eigenfrequencies of the rotors by a certain value in
a defined frequency band to avoid brake squeal. The origin of brake squeal
are self-excited vibrations generated by the frictional contact between brake
pads and brake disc. It is a characteristic of the squeal noise that it is usually
dominated by one frequency only, which is identical or closely related to an
eigenfrequency of the brake rotor. This frequency lies, at least for automotive
disc brakes, in the frequency range of 1 kHz to 16 kHz. Despite being annoying
for customers leading to high warranty costs, brake squeal is mainly a comfort
problem for the automotive industry. Nevertheless, it can also be highly safety
relevant if squealing brake discs are connected to lightweight motorcycle or
bicycle rims, where the self-excited vibrations can lead to fatigue and failure
of spokes.
Squeal has been studied for at least seven decades and therefore many
countermeasures were proposed, reaching from purely passive measures like
an increase of damping by a proper choice of disc material to active suppres-
sion of squeal. While active methods are not widely used in practice due to
elaborate tuning and high costs, many passive ones like the application of
damping shims cannot avoid squeal reliably under a change of temperatures,
ambience conditions or the influence of wear despite the fact that they are
very common. It is known from experiments that the introduction of asymme-
try helps to avoid squeal. The mathematical background, however, has just
been given lately. With this gained knowledge it is possible to derive goals for
the design of squeal-free asymmetric brakes, which are a valuable basis for a
structural optimization of the brake rotors. Examples discussed in this thesis
are automotive brake discs with radial holes and cooling channels or bicycle
rotors with a simplified or realistic geometry.
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5 Conclusions
After a short introduction to the topic of brake squeal, its excitation mech-
anism and countermeasures, chapter 2 deals with the mathematical modeling
and analysis of squealing brake systems. The onset of squeal is determined by
an instability of the steady-sliding-state solution of the equations of motions of
the system. For a full, symmetric brake disc, the stability can be determined
by the real parts of eigenvalues of the linearized equations of motion, however,
this is not the case for asymmetric discs. Before an analysis of asymmetric
brake systems is presented, a definition of asymmetry is given, which is useful
in the context of squeal avoidance. The modeling of asymmetric brake discs
in frictional contact to brake pads that only cover a small sector of the disc
leads necessarily to equations of motion with periodic coefficients. Therefore,
stability can only be assessed with Floquet theory in this case. Since the
terms resulting from the frictional contact are “small” compared to the elastic
restoring terms, they can be treated as perturbations. This allows an analyt-
ical approximation of the stability boundary, which proves that a split of the
eigenfrequencies by an amount that can be estimated in advance in a defined
frequency band ensures stability and therefore helps to avoid brake squeal.
This gives the basis for a structural optimization of brake discs to achieve this
goal.
Since this optimization requires the usage of an efficient modeling technique
and the introduction of large changes in the geometry of the disc, in chapter 3
a modeling method is presented, which can be used very effectively in this
context. The basic idea of this method is that a basis structure, e.g. the
brake disc, and modifications implemented to it, e.g. holes, are separately
discretized using global or local shape functions with positive or negative
material parameters. These discretized structures are then combined in the
energy expressions and after expressing the coordinates of the modifications in
the retained coordinates of the basis structure, the mass and stiffness matrices
of the assembled system are obtained. These matrices determine the eigen-
frequencies of the system, which are needed in the structural optimization to
calculate the objective function. The proposed method is applied to two basic
examples, an inhomogeneous rod and a rectangular plate with a rectangular
or circular hole, where the latter is used for a detailed convergence study. The
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method can readily be transferred to the modeling of brake discs, as is shown
at the end of the third chapter.
Chapter 4 discusses the structural optimization of automotive brake discs
and bicycle brake discs. The objective is splitting of the eigenfrequencies of the
brake rotor in a certain frequency band as far as possible. The first example
given is an automotive brake disc with radial holes, which was manufactured
in a machine shop and tested on a brake test rig for squeal affinity. Since the
optimization was successful and squeal could be prevented completely, the
optimization was extended to a more realistic brake disc with cooling chan-
nels. Two types of optimization algorithms were compared with respect to
their fulfillment of the objectives and their effectiveness, a mathematical pro-
gramming approach and a heuristic one. Both deliver very satisfying results.
Then, after a first introductory example of the optimization of a simplified
bicycle brake disc, a realistic bicycle brake rotor with complex geometry was
optimized. The resulting discs were manufactured followed by a modal analy-
sis and the assessment of their squeal affinity. A comparison between the best
optimized brake disc and a commercially available one proves the efficacy of
the optimization and the theory behind it presented in the second chapter.
The method of splitting the eigenfrequencies of the rotor is highly effective for
squeal avoidance purposes and can therefore be counted as a passive, low-cost
and efficient measure against brake squeal.
The manufactured bicycle rotors could directly be manufactured for a series
application, however, many design aspects important for series brake discs
have not been considered in the optimization. These include securing the basic
stopping function of the disc even under high temperatures, wear resistance,
costs, a lightweight construction and optical design aspects. Despite the fact
that it was not the goal of this thesis to develop brake discs ready for series
application, the findings of this thesis can directly be applied to improve
the design process of series brake discs. This statement can also directly be
translated to an automotive context or to brake discs used in the transport
or aircraft industry. The basic physics underlying the squeal problem is the
same for all types of friction-driven brake systems and therefore the remedy
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Brake squeal is a high-pitched noise originating from
self-excited vibrations caused by the frictional con-
tact between brake pads and brake disc. It is known
from experiments and has also been proved mathe-
matically that splitting the eigenfrequencies of the
brake rotor has a stabilizing effect and avoids brake
squeal. In this work, this knowledge is used to de-
rive design goals for asymmetric, squeal-free discs. It
is necessary to split all eigenfrequencies of the brake
disc in a pre-definable frequency band to guarantee
stability, inhibit the onset of self-excited vibrations
and thus avoid squeal completely. In order to achieve
this goal, a structural optimization of automotive as
well as bicycle brake discs is conducted. Optimized
automotive and bicycle brake discs have been manu-
factured and tested to assess their squeal affinity, and
it is shown that the optimized discs have a greatly im-
proved squeal behavior. This demonstrates that split-
ting eigenfrequencies of the brake rotor is a passive,
low-cost and effective squeal countermeasure appli-
cable to a variety of brake systems.
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